CONTENTS

I. Electronic Structure Theory: Atoms

A.

o aw

&

ST == D R B o

Hydrogenic atoms

Other central potential problems

Perturbation and Simple Variational treatment of the He atom
Basis set solution of the Hartree equation for the He atom
1. Symmetry of two-electron integrals

Configuration Interaction

Spin states of two-electron systems

Excited states of the He atom

Gaussian orbitals

Coupling of two angular momenta

Determination of Clebsch-Gordan coefficients

Slater Determinants — Atoms

1. Conversion from definite-M to Cartesian orbitals

2. Reflection Symmetry

Spin-Orbit coupling

M. Time reversal states

References

o N e

12
15
16
19
21
23
28
30
34
38
41
43
46

47

I. ELECTRONIC STRUCTURE THEORY: ATOMS

A. Hydrogenic atoms

Consider the Hamiltonian for the interaction between a nucleus of charge +~7 and a single

electron

n? o2 Ze?
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where L? is the operator for the angular momentum of the electron moving around the
nucleus. Technically, the mass which appears should be the proton-electron reduced mass
= MM
my, -+ me
but since m, is ~2000 times smaller than m,, @ ~ m..
We can simplify things if we define the distance in terms of the so-called Bohr radius ag

(the radius of the electron in the Bohr theory of the H atom), namely

p=r/ag
where
drre
a, =
mee?
In terms of p the potential becomes
Ze? —etm 2

V _ — pu—
dre,r  (4me,)2RPp

Problem 1: Use the chain rule

d dxd
dy  dydx
to show that
n: o2 meet 02

2m, Or? 2(47T60)2h2@—p2

Use this result to show that in terms of p, § and ¢, the Hamiltonian of Eq. (1) is

meet 1 [0 0 - Z
H(p,0,¢) = (e, )22 {—2—[)2 la—p <p28—p> + L*(6, ¢)] - ;}

The Schrodinger equation for the motion of the electron in a hydrogenic atom is

H(r,0,0)¢(r,0,¢) = E(r,0,0)


http://www.en.wikipedia.org/wiki/Bohr_radius

or, in terms of p, 6 and ¢

0 0 -
{_2;2 [W <p2 8r> +L6, M - Z/p} Y0 = 0.0 0) ?
where 252
4re,)*h

Thus, we see that if we measure the distance in units of ay (the so-called atomic unit of
distance) and the energy in units of (4me,)?h? /m.e* (the so-called atomic unit of energy),
we can eliminate all the messy constants from the Schrodinger equation. We have already
introduced these atomic units in the first section of Chapter 1. The atomic unit of distance
is called the bohr and the atomic unit of energy, the hartree.

If we multiply Eq. (2) by 2p* and take the right hand side over to the left, we get

o (,0\ . ;
l_8_p<rza_p> Lz(e’@—?Zp—?p%]¢(p,e,¢>:o @

which we can write as

[H,(p) + L*(0, )] ¥(p, 0, 6) =0 (4)

where the definition of H,(p) is obvious from comparison of Eqs. (3) and (4).

Here we have separated the Hamiltonian operator into a term depending only on p and
a term depending only on # and ¢. In this case, the mathematics of partial differential
equations allow us the write the solution as a product of a term depending only on p and a

term depending only on 6 and ¢, namely

¥(p,0,9) = R(p)Y (0, 9)

Inserting this into Eq. (4), dividing by ¢ and simplifying we get

H(p)v(p.0,¢) = —L*(0,0)1(p. 0, ¢)

or

We can divide by ¥(p,0,¢) = R(p)Y (0, ¢), and simplify to get


http://en.wikipedia.org/wiki/Atomic_units
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H(p)R(p) _  L*Y(0,9)
R(p) Y (0,

Here, the left-hand side depends only on p while the right-hand side depends only on 6

and ¢. For this equality to be true in general, each side, separately, has to be equal to a

constant. Let’s call this constant K. Thus, we have

LY (0,),
Sk (5)
. (D)R(p)
H(p)R(p)
Ry X ©)

Equation (5) can we rewritten as the eigenvalue equation

which is identical to the Schrodinger equation for the rigid rotor. The solutions must be

finite and single valued. In other words
Y(0+m,¢)=Y(0,0)

and
Y(0,6+2m) =Y (0, 9)

To satisfy these boundary conditions, the constant K must equal —j(j + 1), where j is a
positive semi-definite integer (j =0,1,2,...)

The solutions are called Spherical Harmonics, Y;,,,(6, ¢); you can find expressions many places.
The spherical harmonics are normalized and orthogonal. In other words, the integral of the
product of two spherical harmonics over all angles, weighted by the area element in spherical

polar coordinates,

dA = sin@df do

is

[ 700(0.0) Y5008, 6)dA = 635080


http://www.en.wikipedia.org/wiki/Spherical_harmonic
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With the restriction that K = —j(j 4+ 1), we can rewrite Eq. (6) as

A

H(p)R(p) = j(j +1)R(p)

We can further simplify this equation by defining a new function G(p),

or

Problem 2: Show that
1 0
— 7 Z | R(p) = =
p* Op [p 3p] (v) p Op?

Then show that Eq. (7) reduces to

l%;—ng+%] G(p) = eG(p) (8)

Equation (8) is entirely equivalent to the usual one-dimensional Schrodinger equation,

with potential
Z  j+1)
Vip) = ——

At large p, the second term, which varies as p~2 goes to zero faster than the first term, which
varies only as p~!. Similarly, as p — 0, the 2nd term goes to +oo faster than the first term
goes to —oo. The potential is consequently negative at large p but positive at small p, as
shown in Fig. 1)
The solution G(p) has to behave correctly at the origin, and go to zero at infinity. It is

possible to show that the limiting behavior at the origin is

. o Al

w7
The radial functions R(p) are tabulated many places. They are real and proportional to

Laguerre polynomials, and are indexed in the principal quantum number n, as well as in j

(but not m). Here n is restricted to positive integers. Further, for a given n, the allowed


http://www.en.wikipedia.org/wiki/Hydrogen_atom

‘\ =2

V(p) / hartree

p / bohr

FIG. 1. V(p) for the hydrogen atom (Z = 1), with j =0, 1 and 2.

values of j are restricted to all positive integer values less than n — 1. The functions are

normalized by integration over all r with the volume element r2dr, so that

| B 0 Rus(0)pdp = [ Goo(p) G () = G )

The energy, in atomic units, is given by the famous Rydberg formula

Z2

Ep = —
" 2n?

Note that the energy is independent of j. For the hydrogen atom all rotational and projection
levels with principal quantum number n are degenerate. This is remarkable. Despite the
large difference between the 7 = 0, j = 1, and j = 2 potentials seen in Fig. 1, the energy
of the second level in the 7 = 0 potential equals exactly the energy of the first level in the
J = 1 potential. Similarly, the energy of the third level in the 7 = 0 potential equals exactly
the energy of the second level in the j = 1 potential, and both equal exactly the energy of
the first level in the j = 2 potential.

The other thing to note is that the radial functions R, ;(p) have n — j — 1 nodes. [A node
is a discrete values of p greater than zero and less than +oo where R(p) vanishes]. Also, at
large p, the behavior of the wave function is given by

lim G(p) ~ p" "' exp(—p/nZ)

p—+00



Problem 3: The radial functions for the 1s and 2p states are

Ris(p) = Nisexp(—pZ)

Rop(p) = Nop pexp(—pZ/2)

Use Eq. (9) to determine the two normalization coefficients Ny, and Ny,.

The radial function for the 2s state is

Ras(p) = Nas(1 + Bp) exp(—p/22)

Determine the value of No; and B. In solving this problem you will need the integral

n!

/0 x"erp(—ax)dr = s

At what value of p does the node in the 2s radial function occur?

Finally, determine the expectation values of r and 1/r in the 1s, 2s, and 2p states of a
one-electron atom with nuclear charge Z. The expectation value of r is an estimate of the
size of the one-electron atom.

Suppose you have a hydrogen atom with the electron replaced by a negative muon. What

would be the radius of this atom?

B. Other central potential problems

An entirely similar procedure can be used to solve other two-particle problems in which
the potential depends only on the distance between the two particles. The Hamiltonian is

similar to Eq. (1),

Hr,0,6) = — 22; l% (ﬁ%) ﬁ2(0,¢)] V() (10)

where 1 is the reduced mass of the two particles p = (mgmy)/(mq +my). The wavefunction

is separable into the product of a spherical harmonic and a radial function R(r). This latter


http://en.wikipedia.org/wiki/Muon

can be written as G(r)/r, where G(r) satisfies the one-dimensional equation:

_h_28_2 + V(T) + M

T G(r) = EG(r) (11)

2412
C. Perturbation and Simple Variational treatment of the He atom

The Hamiltonian for the motion of the two electrons in the He atom is (in atomic units)
H(1,2) =h(1)+h(2) + 1/r12 (12)
Here, r15 is the distance between the two electrons
T2 = |7 — 7|

and the one-electron Hamiltonian A is the sum of the operator for the kinetic energy of the

electron and the attraction of the electron to the nucleus, namely
-
h(1) = —§V1 —Z/r (13)

and, similarly, for h(2).
In a perturbation theory approach, we can treat the electron repulsion as the perturbation,

so that the zeroth order Hamiltonian is
Hy=h(1)+ h(2). (14)

This Hamiltonian is separable so that the wavefunction can be written as the product of two

hydrogenic one-electron functions v, ,,, and the total energy is the sum of the hydrogenic

Z2 (1 1
O — 2 (4
n 2 <n% + n%)

Here the index n is a collective index for ny, I, my, ng, lo, mo. In the lowest state, with energy

energies, namely



E(0 = — 72, both electrons are described by the hydrogenic 1s function

1s = (?)m exp(—2Zr) . (15)

The two-electron wavefunction is

9(1,2) = 1s(1)1s(2)

The first-order correction to the energy is just the expectation value of the perturbation,

namely, for the ground state

EgY = (v (1,2)| iz ywo (1,2))
_//13 V(1) 15(2)15(2)dVidVs (16)

12
Z3 0 e’} T T 27 27
- <_> / T%drl/ ngrg/ sin 91d91/ sin92d92/ d¢1/ dppe 272y
7r 0 0 0 0 0 0

This 6-dimensional “two-electron” integral can be evaluated by making use of the expansion

= Z >\+1 Py(cos b12) (17)

12 —

Here r~ and 7~ are the smaller and larger of r; and rs, in other words: r- = min(rq,rs).
Also Py is a Legendre polynomial and #5 is the angle between 7} and 75. The definition of

the dot product of two vectors implies that
cos iy =71 - To/(r172)
Thus, using the projection of 77 into Cartesian coordinates
= r(cos 0z + sin 0 cos ¢z + sin 0 sin ¢7y) ,

we obtain

cos 012 = cos 01 cos Oy + sin 0 sin 05 (cos 1 cos ¢o + sin ¢q sin ¢s)
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Since the s functions are spherical, only the A=0 term in Eq. (17) will give a non-vanishing

result, so when evaluating Eq. (17), you can use
— = (18)

Thus, schematically,

1 o0 T1 o0 72
//f(rl)—g(ﬁ)dﬁdﬁ = 167° [/f(’f’l)rldﬁ/g(’f’z)rgd’f’z+/9(7’2)7’2d7”2/f(Tl)'f’?dﬁ]
2 0 0 0 0
(19)
In the first integral on the right-hand-side, ry is always less than r; so that i = 1/ry. In the

second integral, r; is always less than 75 so that i = 1/ry. Figure 2 depicts the domain of

FIG. 2. Tllustration of the range of integration in Eq. (19

)

integration. Both r; and r, can range over all positive values. The diagonal line corresponds
to r1 = ry. In the red shaded region r; is greater than ry. This region corresponds to the

first double integral in Eq. (19).

Problem 4: Show that
' 1 57
(152|152 = [1s1s|1s15] = //15(1)2—15(2)%11/10[\/2 S
. T12 8
With the result of this problem, we see that the energy of the ground (1s?) state of the

two-electron ion with nuclear charge 7 is predicted to be

Z
E + BV = -7 + %
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For He this is —2.75 hartree. The true energy of He can be determined by adding the
binding energies of the two electrons. The binding energy of the first electron is just
the energy of 1s state of He', namely —2. The binding energy of the second elec-
tron is just the negative of the ionization potential of the He atom. From the NIST
tables of electron energy levels of the atoms and positive ions we find [1] that this is 0.90357
Hartree. Thus, the total electronic energy of He is —2.90357 Hartree. The perturbation the-
ory estimate of —2.75 is quite poor.

One improvement we can make is to introduce a variable screening constant, since each

electron sees not the full nuclear charge of +2. In other words, we can define a generalized

3 1/2
15@‘:(?) exp(—(r)

where ( is a variable screening constant. Then, the variational energy is

hydrogenic 1s orbital

Eyar = 2 (1s¢| h|1s¢) + [1s§|1s§]

Problem 5: Show that (1s¢| h|ls¢) = —Z¢ + ¢*/2

Problem 6: Use this result and the result of problem 5 to determine an expression in terms
of Z and ( for the variational energy of the He atom. Then minimize this to determine the

optimal screening coefficient ¢ and the best variational energy.

Problem 7: Consider two 1s functions ¢ and j, where 1s; has the screening constant (
and 1s; has the screening constant ¢’. Determine expressions for the one electron integrals
(i|7) (overlap), (i] — V?|j) (kinetic energy), and (i| — 1/r|j) (nuclear-electronic attraction
energy). The results will be explicit functions of ¢ and ¢’. Also, determine an expression for

the coulomb and exchange two-electron integrals.

1
[15%|157] = [1s1s]15'1s] = // 15(1)*—15'(2)2dVid V5
712

[151s'|1s'1s] = //15(1)15’(1)%15’(2)13(2)dV1dV2


http://physics.nist.gov/PhysRefData/ASD/levels_form.html
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In every case, the results will be a function of both ¢ and ¢’. You will first have to
determine the value of the normalization constant N; in Eq. (26). To check your method

and your result know that

1 5
(15?152 = [1s1s|1s1s] = //15(1)2—15(2)2dV1dV2 - é
T12

Also, for ( =1 and (' = 3, the values of the desired integrals are given in Table I.

TABLE I. One- and two-electron integrals involving two 1s functions: 1s with screening constant
¢ =1 and 15’ with screening constant ¢’ = 3.

integral ~ value (Hartree)
(1s[15") 0.64952
(1s| — 1V2|1s')  0.94728
(1s| — 1/r|1s") -1.2990
[152[157] 0.89062
[1s1s'|1s'1s] 0.52734

D. Basis set solution of the Hartree equation for the He atom

The choice of the wavefunction for the two-electron He atom which underlies the preceding
section is a product of one-electron functions. This is guided by the separation of the
Hamiltonian in Eq. (14) in which the zeroth-order Hamiltonian is a sum of identical one-
electron terms. The best wavefunction of this type is given by the Hartree approximation,
in which each of the two He 1s electrons moves in the field of the nuclear attraction and in
the averaged field of the repulsion with the other electron. Consequently, in the so-called
Hartree (or Hartree-Fock [2]) approximation the Schrodinger equation for the 1s electron is

the following one-electron, three-dimensional integro-differential equation

[—%V% — % + / ¢2(T2)d7’2] gb(rl) = EHF¢(T1) (20)

712
Since the solution appears under the integral sign, it is most straightforward to solve

Eq. (20) iteratively. One guesses a solution, ¢®)(r;) determines the so-called “mean-field”
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potential
¢*(r2)

T12

V(T1> = dTg,

solves the Hartree Schroedinger equation [Eq. (20)] for ¢™)(r), determines a new mean-field
potential and so on until convergence is reached, at which point the calculated energy eyp at
iteration n + 1 has not changed significantly from its previous value. Although for atoms it
is possible to do this all numerically, for molecules the only practical method is by expansion
of the solution in a basis set. One iterates until self-consistency is reached. To illustrate
this, for simplicity suppose we expand the Hartree-Fock orbital in terms of just two basis

functions

6"(r) = O (r) + G5 xa(r) (21)

Here n designates the n'* iteration. The averaged electron-repulsion potential is then

¢*(ro) O ON TR,
dry =3 C"C) Xio(r2) —xi(r2)dr (22)
12 k.l 12
Here, for simplicity, we will assume that the expansion coefficients are real.
At the n + 1' iteration, as in any linear variational method, we obtain the expansion
coefficients C'Z-("H) by diagonalizing the matrix of H in the 2 x 2 basis of {x1, x2}. Schemati-
cally, the matrix elements are sums of matrix elements of the one-electron Hamiltonian h(1)

(kinetic energy plus electron-nuclear potential energy) and of the mean-field repulsion V' (1),

where
H = h(1) + Vi2(1) (23)
where ,
Vo) = [ “ar, (24)

The matrix elements of h(1) are

hiy = —% <Xk ‘V2‘ Xl> — <Xk

2oy

We will define the basis functions {xi, x2} in terms of so-called Slater (hydrogenic)
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functions

Note that these functions are not orthogonal, so that we will need to use one of the methods
described in Subsection D of Chapter 1 to determine the variational energy.

The matrix elements of the two-electron operator 1/r5 are

n n * * 1
(Viz)ij = > Cy ie) )/Xi (Tl)Xk(ﬁ)T—lsz(Tl)Xz(T’z)dfszl (27)
Kl

These so-called

1

12

1

1K) = [ i) s lra(ra)dnadn =[x m)x; (n) x(ra)xra)drdn (25)

In terms of this notation, Eq. (27) becomes
(Via)iy = 3 G il (29)
ol

Note that [ij|kl] defines a square matrix of order N? x N? = N*. We will designate this
matrix as (h12)}, with the understanding that each i element is a 2x2 matrix (two possible

values of k and two possible values of [). Let ¢" define a column vector of length 2. Then

(Vlz)ij = c("’T(hu)Z c ) (30)

where the superscript 7" denotes the transpose (that is, a row vector).
Thus, the iterative procedure consists of
(a) Determination of the N x N matrix of one-electron integrals, h
(b) Determination of the N? x N? matrix of two-electron integrals (hi2)?;, (many of these
will be the same by symmetry; see below)
(¢) An initial choice of the ¢ vector
(d) Determination of the two-electron matrix Vi, from Eq. (30)
(e) Diagonalization of the N x N matrix of the Hamiltonian to determine the new coefficient
vector ¢(!) and the new Hartree energy 552;

(f) Tteration of steps (d) and (e) until self-consistency is reached, at which point ¢+ = ¢
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(n+1)

and eyp ' = 553}37 Usually, one choses an energy cutoff criterion:

ehin) —elin| < e (31)

where € = 108 hartree.

When self-consistency is reached, from Eq. (20) one sees that

v = (6" [Hup| 6™) = (6 |h] 6™) + [ 6o g (32)

In other words, the Hartree-Fock energy is the one-electron energy of the electron in orbital
#™ plus the average repulsion energy of this electron with the other electron. Note, then
that twice the Hartree-Fock energy is equal to twice the one-electron energy plus twice the
two-electron repulsion energy. Thus the total energy of the He atom, in the Hartree-Fock

approximation is

Bie = 2eur — 6660 (33)

This result is important: The variational estimate of the total energy of the atom in the

Hartree-Fock approximation is not equal to the sum of the Hartree-Fock orbital energies.

1. Symmetry of two-electron integrals

For two basis functions x; and Y2, there are only 6 distinct matrix elements in the 4x4
matrix of two-electron integrals. If we use the simplified notation 1 = y; and 2 = x», these

distinct matrix elements arerl [11|11], [22|22], and

[11]22] = [22[11]
[11]12] = [11[21] = [12|11] = [21]11]
[12]12] = [21[21] = [12|21] = [21]12]
[12]22] = [21|22] = [22|12] = [2221]

Problem 8: The Matlab script double_zeta_he_scf nonorthog.m determines the Hartree
energy of a two-electron ion with nuclear charge Z and screening constants given in the

array ze. The script returns, for each iteration, n (the number of the iteration), el (the


http://www2.chem.umd.edu/groups/alexander/chem691/matlab_files/double_zeta_he_scf_nonorthog.m
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Hartree energy, Eq. (20), C™ and C{" [the expansion coefficients in Eq. (21)], and Eyp (the
Hartree-Fock approximation to the energy of the two-electron system. (Note that the script
double_zeta_he_scf nonorthog.m uses another script two_electron.m) Answer the following
questions:

A. In the double_zeta_he_scf_ nonorthog.m, the two screening constants are set to ( =
1 and ¢’ = 3. By varying these, determine the best (lowest) value of the Hartree-Fock
approximation to the energy of the He atom.

B. In the Hartree approximation each electron moves in the average field of the other. In
fact, the two electrons instantaneously avoid each other. As discussed below in Sec. IE, the
the true energy of the two-electron system is lower than the Hartree energy. The difference is
called the “correlation energy.” Using the NIST tables of electron energy levels of the atoms
and positive ions for the experimental ionization energies and the results of applying the
Matlab script double zeta_he_scf nonorthog.m determine the correlation energies (in eV) for
the two-electron ions He, Lit, Be?*, B3, C**, and Ne®*.

For example, for the C** ion, you enter C IV in the NIST form, and specify eV in the level
units box. After hitting "retrieve data", scroll down to the entry "C V ... Limit"
where you find the number 64.49390. This is the ionization potential for C** — C5*+e. You
can calculate the energy of the hydrogenic C°* ion using the Rydberg formula. Appropriately
adding the energy of C°* and the ionization potential of C** will allow you to determine

the experimental energy of C**.

E. Configuration Interaction

Expansion of the solution to the Hartree equation [Eq. (20)] in a basis results, by the
variational principle, in an upper bound to the exact Hartree-Fock energy. Often the size of
the basis is characterized by the number of Slater functions [Eq. (26)] which are included,
with the notation “double-zeta” (dz) for two functions, “triple-zeta” (tz) for three functions,
etc. Table II shows the convergence of the Hartree energy for He as the number of basis
functions is increased.

As we mentioned earlier, the true energy of He is —2.90357 Hartree. This is 0.042 Hartree
lower than the Hartree-Fock limit. The reason for this significant error is that in the Hartree-

Fock approximation each electron moves in the average field due to the other electron and the


http://www2.chem.umd.edu/groups/alexander/chem691/matlab_files/two_electron.m
http://www2.chem.umd.edu/groups/alexander/chem691/matlab_files/double_zeta_he_scf_nonorthog.m
http://physics.nist.gov/PhysRefData/ASD/levels_form.html
http://www2.chem.umd.edu/groups/alexander/chem691/matlab_files/double_zeta_he_scf_nonorthog.m
http://physics.nist.gov/PhysRefData/ASD/levels_form.html
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TABLE II. Convergence of calculated Hartree-Fock energies of the 1s? state of the He atom.

size of basis ~ Eyr (Hartree)
double-zeta (dz)  —2.855160
triple-zeta (tz) —2.861153
quadruple-zeta(qz) —2.861542
quintuple-zeta (5z) —2.861625
hextuple-zeta (6z) —2.861673
exact * -2.86168

2 From numerical solution of Eq. (20).

nucleus. Instantaneously, each electron avoids the other in a more complicated fashion. It is
this instantaneous correlation between the positions of the two electrons which is neglected
in the Hartree-Fock approximation. The correction to the energy is called the “correlation
energy” .

Ecorr - EHF - Eexact

This is usually on the order of 1 eV (0.037 Hartree) for each pair of electrons. Recovery
of the correlation energy can be achieved only by expanding the variational wavefunction

beyond the Hartree-Fock approximation, namely (for He)

U(1,2) = ¢ur(1)our(2 +ZC( éur(1 )+ Z C) b (1)h (2)

n,m=1

Here {1,,} is a set of one-electron functions that are orthogonal to the Hartree-Fock 1s
(¢ur) orbital. The first summation includes all one-electron (single) excitations out of
the Hartree-Fock wavefunction, while the second summation includes all two-electron (dou-
ble) excitations. The matrix of the Hamiltonian is then constructed in the large basis of
singly and doubly excited states, then diagonalized. This technique is called “configuration-
interaction”, or, CI. In practice, the number of states gets rapidly very large.

For example, suppose you are using a double-zeta s orbital basis. On linear combination
is the 1s Hartree-Fock orbital. The second (orthogonal) combination, call it ¢, defines the
sole excited (or “virtual”) orbital. There is then one singly-excited state ¢upds and one
doubly-excited state ¢3. So the CI consists of 3 states. If you use a double-zeta s orbital

basis, then there are two virtual s orbitals. There are two singly-excited states and three
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doubly-excited states.

If all the virtual orbitals are limited to s functions, then the CI energy is called the “s-
limit”. One can add p, d, etc functions to the basis, which will all be orthogonal to ¢yr. The
CI energy is then called the sp-limit, the spd-limit, etc. Table III shows the convergence of
the calculated energy of He as the size of the CI is increased. Eventually, we do get close
to the three energy, but the convergence is slow. The number of states and the number
of two-electron integrals goes up very dramatically. Thus the calculations rapidly become
more difficult while the differential improvement of the calculated energy becomes smaller

and smaller.

TABLE III. Convergence of calculated CI energies (Hartree) for the 1s? state of the He atom.

basis limit Ecr Agp * configurations two-electron integrals

vbz  Hartree-Fock -2.86162 4.2x 1072 1

vHz s-limit ~2.87891 2.5x1072 15 120

vz sp-limit  —2.90036 3.2x1073 45 2535

vHz spd-limit  -2.90255 1.0x 1073 114 21726

vbz  spdf-limit  —2.90304 5.3x107* 195 82977

vbz  spdf-limit  —2.90315 4.2x10~* 261 163437

vbz  spdf-limit  —2.90339 1.8x10~* 522 701058

exact P —-2.90357

& Ecalc - Eezact-
b Sum of first and second ionization energies.

For a system with more than two electrons, the summation extends over triple, quadru-
ple, and higher-order excitations. In practice, it is very difficult to carry out an exact CI
calculation including all triple or higher-order excitations. Triple excitations can, however,
be included perturbatively. Table IV compares the calculated energies for the Be atom with
the exact value. The total correlation energy is 2.56 eV. Of this 82% is recovered by a CI
calculation including all single- and double-excitations, and 93% is recovered by the calcu-
lation in which triple excitations are included perturbatively. Still, 8% of the correlation
energy, 0.2 eV, is due to higher-order excitations, which can be included only by extremely

computer-intensive calculations.
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TABLE IV. Convergence of calculated spdfg-limit CI energies (Hartree) for the 1s22s? state of the
Be atom.

basis calculation Eqp Ag * two-electron integrals
vhz  Hartree-Fock —14.57301 9.4x 1072 5347542
vHZ CI-SD ~14.66241 4.9x1073 5347542
vhbz  CC-SD(T)® ~14.66649 8.7x10~* 5347542

exact © ~14.66737

@ Ecalc - Eezact-
b Coupled-cluster calculation with perturbative inclusion of triple excitations.
¢ Sum of ionization energies.

F. Spin states of two-electron systems

In the discussion so far, we have ignored the spin of the electron. The electronic Hamilto-
nian [Eq. (12)] does not include the spin. Thus, a complete wavefunction including the spin
can be written by multiplying a spatial wavefunction of the form 1s(1)1s(2) by a component

describing the spin of the electrons, namely
U(1,2) = 1s(1)1s(2) |S(1,2)) . (34)

Each electron has a spin of 1/2. The spin wavefunction of the electron can be written as
|sms), where the projection quantum number is my; = £1/2. The spin wavefunction for two
electrons can be obtained by vector coupling the spin-wavefunction of each electron.

In quantum mechanics two angular momenta fl and f2 can be coupled to form a state of
angular momentum j, with |j; — jo| < j < ji + j2. Thus, the total spin for the two-electron
system can be either S = 0 or S = 1. The projection quantum numbers Mg can be only
0 for S = 0, but —1,0,4+1 for S = 1. Since the total projection quantum number is the
sum of the projection quantum numbers for each of the two electrons, the wavefunction for

S =1, Mg =1 must be (to within an arbitrary phase)

|IS=1,Mg=1) =51 =1/2,ms, =1/2)|s9 =1/2,m,, = 1/2)
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To simplify the notation, we write this as

11
11) = |, =
m=|33)

Here we have suppressed the values of s; and sy, which are always 1/2, and designated
the so-called “uncoupled” state, in which the mg quantum numbers are specified for each
electron, with the general notation |mg, ms,).

Now, the wavefunction for the coupled state with S = 1, Mg = 0 can be obtained by the

general angular momentum lowering operator. This is
j=limg) =[5 + 1) = m(m = D]V2|j,m — 1)
or, in the particular case where S =1
S_|11) = [1 x 2 — 1 x 0]"/2]10) = 22|10 >

or, reversing the order

110) = 271/2]11)

The lowering operator for the total spin is the sum of the lowering operators for each indi-
vidual spin

S_ = S1— +82—7

where the effect of s;_ on the spin wavefunction for electron 1 is

=l )=l
S1— =)= |= X = —=|— N = =
2 2 2 2\2 2 2

Problem 9: Use the uncoupled and coupled lowering operators to show that (the coupled

wavefunction is on the left and the uncoupled wavefunction is on the right

10) = 27172 (’% _71> + ‘_71 %>) (35)
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and

1—1
\1—1‘ >

Now, the wavefunction for the sole state with S = 0 and Mg = 0 must be a linear

combination of the uncoupled wavefunctions |mg = £1/2, mg = F1/2). In other words

1 —1
2’2 >+C‘“

Because the |10) and |00) states are eigenfunctions of 52 with different eigenvalues, they must

00) = C1 = 3) (36)

be orthogonal. Since the functions must also be normalized, we must have ¢y _; = —C_4 ;.

-2 (4 5) -5 )

The electronic Hamiltonian [Eq. (12)] is symmetric with respect to exchanging the labels

This implies that

of the two electrons. Thus, the wavefunction must be symmetric or antisymmetric with
respect to this operation. We see immediately that the three S = 1 wavefunctions with
Ms = +1,0,—1 are all symmetric, while the S = 0 wavefunction is antisymmetric with
respect to this interchange. The overall two-electron wavefunction which is a product of a
spatial component and a spin-component must be antisymmetric with respect to interchange,
since the electrons are fermions. Thus, in cases where the spatial wavefunction is symmetric
las, for example, the ground state of the He atom 1s(1)1s(2)], the spin wavefunction must
be antisymmetric. Hence, the ground state of the He atom must be a .S = 0 state. This is
called a singlet state, because the projection degeneracy of the spin wavefunction, 2Mg + 1,

is equal to 1.

G. Excited states of the He atom

Although the ground state of He must be a single, the same is not true of any of the excited
states. Consider, for example, the 1s2p state, obtained by exciting one of the electrons to the
2p state. This transition is analagous to the Lyman « transition in the H atom. There are
four possible wavefunctions, which are both antisymmetric with respect to particle exchange.

The first is the non-degenerate single state

"1s2p) = 271/[15(1)2p(2) + 2p(1)15(2)]|00)
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The second is for the triplet state, which is triply degenerate, namely
‘3152p> = 2712[15(1)2p(2) — 2p(1)1s(2)]]11)

In both cases, the ket on the right-hand-side is the coupled |SMg) spin function.

The expectation value of the Hamiltonian [Eq. (12)] in these states is
(" 1s2p| H(1,2)["@152p) = (1s|h|1s) + (2p|h|2p) + [15%2p*] + [152p|2p1s]

where the 4 sign applies to the singlet state and the — sign, to the triplet state. As might be
anticipated, the expectation value of the energy is the one-electron energy of each electron,
one described by a 1s orbital and the other, by a 2p orbital. In addition, the two electrons
repel one-another, which contributes the [1s?|2p?] repulsion term, which is the averaged
Coulomb interaction between an electron whose probability distribution is 1s? and an elec-
tron whose probability distribution is 2p*. Finally, there is the exchange term [1s2p|2p1s].
This is a quantum term, which arises because of the requirement that the electrons be
indistinguishable.

The exchange term (or “exchange integral”) is the self-Coulomb-repulsion of the overlap
15(1)2p(1) charge density. Since this self-repulsion will be a positive quantity, the triplet
state will lie lower than the singlet state. This will be true for all the 1snp excited states of
He. However, since the np orbitals become more and more diffuse as n increases, the overlap
charge density will 1s(1)np(1) will become smaller and smaller, and hence the [1snp|npls]
exchange integral will become smaller and smaller as n increases. Consequently, the singlet

triplet splitting will decrease as the principal quantum number increases.

Problem 10: Consider the singlet and triplet wavefunctions for the 1s2p state of the He
atom. Assume that the 1s and 2p functions are simple hydrogenic orbitals with screening

constants (s and (,. Use the matrix elements given in Problem 5 and the following results

hlowe) = 5(-26,+ &)

(2,

1
27 ] = o5C(1—=7*) (14 =77 — 7% + 377 — 1)

1 2
1sc. 32
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7
[Ls¢,2p¢, |2pc,15¢,] = %C(l + 7)1 —7)°

where

7= (= G)/ (G + )

and

¢= (gs + gp)

N =

to obtain an expression for the variational energy of the '®1s2p states of He. Each of these
expressions will be a function of (5 and ¢, the screening constant for the 1s and 2p orbitals.
Now, vary the screening constants to minimize the energy of the "3 1s2p states. Note
that the screening constants don’t have to be the same for the singlet as for the triplet states.
Do the optimal screening constants agree with your guess what these should be based on
considerations of the physics?
Calculate the splitting between the 1s? and the ') 1s2p states and between the singlet
and triplet components of the 1s2p state. Compare your results with the experimental value

of these splittings, which you can get from the NIST tables.

H. Gaussian orbitals

In application of the Hartree-Fock methodology to many-electron atoms and, especially,
molecules, the calculation of the two-electron integrals between functions which decrease
exponentially in r is very time-consuming. Much faster calculations can be achieved by

expansion of the electronic wavefunction as a linear combination of Gaussian
R(r) =Y Cjexp(—a;r?) (38)
J
rather than hydrogenic (often called Slater) orbitals

R(r) = Z Cjexp(—¢;r) (39)


http://physics.nist.gov/PhysRefData/ASD/levels_form.html
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Consider, for simplicity the hydrogen atom. We will expand the 1s wavefunction in terms

of Gaussian orbitals. The simplest case will be to truncate the series at one term, namely

1s(r) = N exp(—ar?) (40)

Problem 11: Determine the value of the normalization constant, so that the Gaussian 1s

function is normalized, namely

(1sq|1sq) = // Ls(r)?r? sin OdedOdr = 1 (41)

Then determine an expression for the overlap integral
Swa = (1s(a’)[1s(a // 1], (1) 184 (r)r? sin OdpdOdr (42)
Hint: To check your work, first show that

lim Sy =1

o —»a

You can also use the symbolic package in Matlab to evaluate the necessary integrals. For

example,

/ exp(—ar?)r?dr = a_3/2/ exp(—u?)r?dr
0 0

If you use Matlab, you will get the output

>> syms u

>> int (exp (-u*xu)*u*u,u,0,inf)

ans = pi~(1/2)/4 >> pretty(ans)
1/2

PI
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To determine the energy of the H atom with a single Gaussian approximation to the
1s orbital, you will need to evaluate the matrix element of the one-electron Hamiltonian
of Eq. (13) with Z = 1. For a spherical s orbital one need consider only the part of the
Laplacian which involves differentiation with respect to r, namely

T(F) =T(r) = —2—7{2% lrzgl (43)

You can use the symbolic algebra feature of Matlab to evaluate the derivatives, for example:

>> syms r
>> syms alpha
>> oness=exp (-alphaxr*r)
oness =1/exp(alpha*r~2)
>> diff (r~2+diff (oness))/r"2)
ans =
-((6*alpha*xr~2)/exp(alpha*r"2) - (4*alpha”2+*r~4)/exp(alpha*r~2))/r"2
>> simplify(ans)

ans = (2xalphax(2*alpha*r~2 - 3))/exp(alpha*r~2)

Problem 12: Obtain the analytic expression for Hy o, = (1s(a’)|H|1s(«)) and Sy o. Hint:
to check your work, S(1,1) should equal 1, S(1,3)=0.8093, H(1,1)=-0.095769 and H(1,3)=—
0.0054467. Then write a Matlab function script to evaluate H, , and S, , for arbitrary
values of o and «’.

Your script for Hy o and Sy o should be of the form

function elts=single_gaussian_matrix_elts(alph,alphp)

elts=[sls his];
where s1s and hils are the overlap and Hamiltonian matrix elements.
Then, define a simpler function routine in which « is always equal to o/, namely

function hmat_one=single_gaussian_matrix_elts(alph)
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hmat_one=hls;

Here, the overlap is always equal to one, since the function is normalized (You did normalize
it, right?). Now that you can obtain the expectation value of the Hamiltonian for a single
Gaussian function, you should be able to determine the value of a which minimizes the
calculated energy. Do this first by trial and error, introducing a value, calculating the
energy, and then guessing a new value and so on

en=hmat_one(1);

Problem 13: What is the best value of o and what is the corresponding energy. Remember
that the variational principle guarantees that this value should always be greater than —0.5

(in atomic units).
Then use Matlab’s automatic function minimization fminsearch to obtain the best value

emin=fminsearch(’hmat_one’,1)
which starts from an initial trial value — here 1 — and iterates until the minimum is found.
Pretty cool, eh? The result you obtain should agree with the result you obtained by hand.
Let’s compare the Gaussian function for the 1s state with the true wavefunction, which

is (the following expression is normalized )

1s(r) = \/%exp(—r) (44)

To plot any function it is easiest to use Matlab’s ezplot command

syms r

ones=exp (-r)*sqrt(2/pi);

ezplot(’ones’,0,3)

This will plot the 1s orbital for 0 < r < 3. To plot two functions on the same plot

syms r

ones=exp (-r)*sqrt(2/pi);
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f=r*exp(-r)*sqrt(2/pi);
ezplot(’ones’,0,3)
hold

ezplot(’£’,0,3)

The command hold plots on top of a previous figure.

Problem 14 : Plot your best Gaussian function compared to the true 1s orbital. You can

label the axes by the commands xlabel(’string’) and ylabel(’string’).

Problem 15: We will use the linear variational method to determine the best three-

Gaussian approximation to the H-atom 1s orbital, namely

N
¢1s = > CiNiexp(—ayr?) (45)

i=1
First, you will need to write a function script, let’s call it ngauss, that determines the
energy of ¢, given a specific choice of the three coefficients «;. In this script, you will need
to (a) set up the 3x3 overlap matrix and the 3x3 Hamiltonian matrix, then (b) diagonalize
this matrix, and then (c¢) determine the lowest eigenvalue. When this is done, and debugged,
then you will use the Matlab fminsearch command to find the best choice of the coefficients.
To use fminsearch, there can be only one argument of the function ngauss, so that you
will have to set up ngauss as follows (the variable alph is a vector containing the multiple
values of the screening constant. The length of the expansion N is determined inside the
function script by command length :
function energ=ngauss(alph)
n=length(alph) ;
% determine the matrix elements of H and S
for i=1:n
for j=i:n
hmat (i,j)= h(alph(i),alph(j));
smat(i,j)= s(alph(i),alph(j));
end
end

% fill in the lower triangle of the matrix
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mat=mat+triu(mat,1)’

% then diagonalize the matrix and extract the lowest root

energ=eigs (hmat,smat)

Note, calculating only the upper triangle of the H and S matrix eliminates some unnecessary
computer time — always an important consideration. This script involves a double nested
loop (called a “do loop” in FORTRAN). Note also, that the overlap matrix is not diagonal,
so you have your choice of the three diagonalization methods discussed in Subsection D of

Chapter 1. Here, we have chosen the generalized eigenvalue method.

Problem 16: When your function script ngauss is fully debugged, then determine the
best variational approximation to the energy of the H atom using three (N = 3) Gaussian
functions, by invoking the command fminsearch('ngauss’, [alphl alph2 alph3]) where
alphl, alph2, and alph3 are your three initial guesses. There is no guarantee that your

initial guesses are a good starting point, so try with various other choices.

I. Coupling of two angular momenta

For reference, the angular momentum raising and lowering operators are defined by
elim) = [ +1) = m(m F V] |j,mE1).

Now, consider two angular momenta fl and 52. The so-called “uncoupled states” are the

products of the angular momentum states associated with each operator, namely

|jimajama) = |jima) |jame)

There are (2, +1)(272 + 1) of these product states, each of which is an eigenfunction of the
operators ji., j, jas, j2.

Now consider the total angular momentum J = j_"l + jé and its projection J, = j1, + Jo..
Since any component of jl, as well as its square, commutes with any component of jg,

because they operate in different spaces, you can show that j? and j2 commute with both


http://www2.chem.umd.edu/groups/alexander/chem691/chap1.pdf

29

J, and J2. However,
J =51+ 75+ 251 '52 = j2 + j3 + 2 (jrafox + Jryfoy + Jrzjoz)

Since ji, does not commute with either ji, or with jy,, it is clear that neither j;, nor ja.
commute with J2. We can thus replace the four commuting operators ji., j2, jo., j5 with
another set of four commuting operators J2, J., ja., j5. The eigenfunctions of this latter
set of operators are called “coupled states” and are designated |j;j2JM). The two sets of

eigenfunctions must be related by an orthogonal transformation, namely

7172 d M) = > Chrmyjomg. ot [imajoma) = > (imajame |JM) |jimyjams) (46)

mi1 ms2 mi1ma2

The coefficients which appear on the right-hand side are called Clebsch-Gordan (CG) coefficients,
and are designated (jimqjoms |JM). Because J = j_"l + jg, it follows that J, = j1. + Ja..
It then follows that M = m; 4+ msy, in other words, the projection of the total spin equals
the sum of the individual projection quantum numbers. This relation can be ensured by
requiring that the CG coefficients vanish unless m; + my = M. Further, we assume that

both the coupled and uncoupled states are normalized and orthogonal, in other words

(Jrge ' M" | j1ga I M) = 8,5/ 001,000 (47)

and

(J1m Jamiy |Jimajama) = Om,y m! Omsym, (48)

These two equations, along with Eq. (46), can be used to derive the two orthogonality

relations for the CG coefficients:

> (imagamy [JM) (jimajome [J'M') = 65 50nar

mi,m2

and

> (imagamy [JM) (jimajome [J'M') = 65 50nar

mi,m2


http://en.wikipedia.org/wiki/Clebsch-Gordan_coefficients
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and

> Gimagamyg [TM) (G jamly [TM) = Sy it Oy,
T

Because the transformation of Eq. (46) is an orthogonal transformation, its inverse is just
the transpose of the matrix of CG coefficients, assuming that they are real
Consider, for illustration, the case where j; = 2 and jo = 1. The following figures shows all

the possible values of m; and my. Each filled circle indicates one of the |j;m1jamso) uncoupled

2 : : : : :
M=0 M=1 M=2 M=3

. \ |

—

3 2 1 0 1 2 3
m
FIG. 3. Hlustration of all uncoupled states for j; = 2 and jo = 1.

states. There are (2j; + 1)(2j2 + 1) = 15 of these. The largest value of M = my + my is
3. The next value is M = 2 and so forth. The diagonal red lines connect all the possible

states for each indicated value of M. There is one state for M = 3, two for M = 2, three

for M =1 and so forth.

J. Determination of Clebsch-Gordan coefficients

To determine the Clebsch-Gordan coefficients we start with the largest value of J and
M. As we can see in Fig. 3, this is J = j; + jo (J = 3 in the example shown) and
M = ji + jo. Since there is only one uncoupled state which satisfies these criteria — the

so-called “stretched” state — Eq. (46) reduces to

lj1j2s J = j1 + Jo, M = j1 + jo). = (J1, M1 = Ju, Ja. Mo = J2 [J1 + J2, J1 + Jo2) |1, M1 = J1, J2, M2 = Ja),

= (J1j1J2J2 |71 + 72, 1 + J2) |11, G2d2) ., (49)


http://en.wikipedia.org/wiki/Clebsch-Gordan_coefficients
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Here the subscripts ¢ and u will designate the coupled and uncoupled states. In the first line
we have explicitly indicated that the projection quantum numbers m; and my are equal to
their largest values (the “stretched” values). In the second line, for notational simplicity, we
have eliminated the “m; = 7;” (and so forth) terms. Since both the uncoupled and coupled
states are assumed normalized, the coefficient has to equal one (at least in magnitude). Thus

we can say, choosing the phase factor to be +1,

(Jujijede [J1 + J2, g1+ j2) = 1
Now, let us operate on both the left and the right hand sides of Eq. (49) with the lowering

operator J_ = j;_+7j,_. This gives for the operation of J_ on the coupled state (the left-hand
side)

[J(J 4+ 1) — M(M — 1)]"? |j1ja, J = 1 + jo, M = ji + ja — 1),
= [(j1 + J2) (i + Jo + 1) = (a + 72) Gr + o — DY gija, J = i + jo, M = ji + jo — 1),

= [2(j1 +j2)]1/2 lj1j2: J1 + Jo, h + g2 — 1), (50)

and, for the action of J_ on the uncoupled state (the right-hand side)

J_\j1j1j2g2), = (Jim + Jo=) |J1J1d272) .
=[G+ 1) + 11— D12 s = 1, Giaga)y, + [2(a + 1) + 522 — DY [1d1day g2 — 1),

= V21 i1, = 1) /2 iz de = 1), (51)
Equating the two previous equations gives

201 + 42)) Y2 jagas g1 + a1 + G2 — 1), = /21 ljn, g1 — L, ooy + /202 lingude, Jo — 1),
or

J1
J1+ J2

1/2 j 1/2
. ’ S 1’ .. _'_ : 2 : ... ’ . _1
] \91 J1 .]2.]2>u []1 +‘72] |Jl]1]2 J2 >u
(52)

The two terms on the right-hand side must be the CG coefficients as defined in Eq. (46).

\j1jes i +J2s i+ g2 — 1), = l
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Thus, we see that

.oq1/2
(s gr = 1, Jas do g1 + G o+ Jo — 1) = | —2—
| J1 T )2
and j 11/2
(Gt Jus dos do — 1 g1+ Jas o +J2 — 1) = | —2—
| J1 T+ 72

Explicitly, in the case where j; = 2 and j, = 1 (as in Fig. 3), we have

12132), = (2111]32)[2111),, + (2210|32)|2210),,
= (2/3)Y%2111),, + (1/3)"/?2210),, (53)

By continuing the application of J_ = j;_ + jo_, we can generate all the GC coefficients for
J = j1+j2 for all allowed values of M (M = j1+jo—2,71+7J2—3,...,—j1—Jo+ 1, —J1 — Jo).

Now, we need the Clebsch-Gordan coefficients for the next lower value of J, namely
J = j1 + jo — 1. For this value of J, the highest value of M is j; + 7o — 1. In this case,
Eq. (46) reads

[J1d2, Jr +Je — L+ J2 — 1), = (i — Liage [J1 + 92 — 1,01 + 52 — 1) |51, 51 — 1, J2d2),
+ (Jugrgede — 1|+ J2 — 1,1 + J2 — 1) [ijide, jo — 1),(54)
Now, the left hand sides of Eqs. (52) and (54) must be orthogonal, because J = j; + jo

for the first and J = j; + jo — 1. Consequently, the right hand sides must also be orthogonal.

Since the functions must also be normalized, it is clear that

Coq1)2
(Gt — Ljaje s + o — Loji 4o — 1) = £ | —2— (55)
| J1+ J2 ]
and i 12
(jrjijage — 1ljs o — 1,1 +ja — 1) = F | —2— (56)
| J1+ J2 ]

To make things more concrete, in the case where j; = 2 and j, = 1 we have

12122) = (2111[22)[2111),, + (2210]22)|2210),,
= +(1/3)"212111),, F (2/3)"/%2210),, (57)
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The sign is established by the so-called Condon and Shortley phase convention that all
matriz elements of ji., which are non-diagonal in J, are real and non-negative. [3] Consider,

then, the matrix element

21/2 21/2
(2132] 1h- [2122), = == (2111 [h.[2111), F —=(2210]11.|2210),

2 1
3 (21111122210}, + 2(2210]11:[2111),, (58)
Now, we know that (suppressing the h) [1,(2111), = |2111), and [;,]2210), = 2|2110),.

Thus we find
(2111114,]2111),, = +1,

(2210]1,.]2210),, = +2,
(2210]1y,]2111),, = (2210[2111),, = 0,

and

(2111]1,,]2210),, = (2111]2211), = 0,

Thus, we find that
21/2 21/2 21/2
(2132] 1. [2122), = = F 27— = T (59)

Consequently, for the Condon-Shortley phase convention to be satisfied we have to chose

the lower sign in Egs. (55) and (56), so that

(2111]22) = — @)m

and
2 1/2
(2210]22) = + (§>
Problem 17 You know that |2133). (the stretched state) = |2211),. The expression for
|2132). is given by Eq. (53). By repeated application of the lowering operator, generate the
CG coefficients for j1, =2, jo =1, J =3, M for M =1 and M = 0.

Problem 18 For j; = 2 and j, = 1 the lowest allowed value of J is 1. In problem 17

you have obtained the expression for the |2131). state in terms of uncoupled states. The
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comparable expression for the |2121), state is
12121), = —271/2]2011),, + 67 /2|2110),, + 3712|221 — 1),
For J =1, the comparable expression would be
2111), = a|2011),, + b[2110),, + ¢|221 — 1),,

By requiring the state |2111), to be (a) normalized and (b) orthogonal to the J = 3 and
J = 2 states with M = 1, you can determine the values of the coefficients a, b, and c,
to within an arbitrary sign. To fix the sign, you can impose the Condon-Shortley phase

convention, requiring that

(2121]11.]2111). > 0

The coefficients a, b, and ¢, are, in fact, the CG coefficients (2011|11), (2110|11), and
(221 — 1|11). Hint: the value of (2011|11) is (1/10)Y/2.

K. Slater Determinants — Atoms

For an N-electron atomic or molecular system with N > 2. the electronic wavefunction
can still be expressed as a product of one-electron functions ¢;(7) ... ¢n(7). In addition
to the spatial coordinates of the electron 7, one needs to specify its spin. We designate by
the name “spin-orbital” the product of the spatial function ¢;(r) and a spin eigenfunction.

Consider, then, a set of N one-electron spin-orbitals {y1, @2, ...on_1, N}, Where
i = ¢i(T) |sms) .

Here |smg) designates the total spin s and its projection mg. For an electron s = 1/2 and

ms = £1/2. You will often see the compact notation

i = ¢i(7)
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or

@i = ¢i(7)

Here the superscript bar indicates mgs = —1/2 (down spin) and the absence of a bar indicates
ms = +1/2 (up spin). We assume that these functions are orthogonal and normalized, so

that [ ¢ip;dVds = 6;;. The Slater determinantal wavefunction for the Li atom is
5(2) 2s(2) (60)

where | | denotes a determinant. The electronic Hamiltonian is

1 1 1
H(1,2,3) =h(1)+h(2) +h(3) + — + — + —
T2 713 To3

Show that the variational energy is given by
(W(1,2,3) |H(1,2,3)| W(1,2,3)) = 2hys+hos+[1sls|1sls]+2[1s1s|2s2s] —[1s2s|2s1s] (61)
where
hus = / 1s(D)A(1)1s(1)dr = / 15(2)h(2)15(2)drs = / 1s(3)h(3)1s(3)drs  (62)

and, similarly, for ho,. Also

[po hod = [ [ 1) 6= x(2)"x (@) drdr, (63)
and
[ox el = [ [ #0)x(1)-x ()" (@) dndr, (64

Now, consider the carbon atom (1s%2s%2p?). Give the correct expression similar to Eq. (61)
for the variational energy in terms of one-electron and two-electron Coulomb and exchange
integrals.

In fact, the carbon atom has more than one 15%2522p? electronic state. From the appli-

cation of the tableau method, you know that there are 15 different states, corresponding to


http://www2.chem.umd.edu/groups/alexander/chem691/tableau_method.pdf
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the nine 3P states with L = 1,8 = 1, five ! D states with L = 1, S = 0 and one 'S state with
L =0,5=0. We can use a simplified Slater determinantal notation for the wavefunctions
for each of these states. For example, the 3P state with M; = 1 and Mg = 1 corresponds
to 1522522p12py, where the spins of both 2p electrons are m, = 1/2. The Slater determinant

for this state is

‘3P11> VGRS : : : : : (65)

15(6) 15(6) 2s(6) 25(6) 2p1(6) 2po(6)

For simplicity, we can suppress the 1s and 2s spin-orbitals and write this as

*Pu) = [pipol (66)

The wavefunctions for the other (2S+1)LML7 Mg states can be obtained by application of

the S_ and L_ lowering operators. For example

L_ ‘3P11> = (li + o) |p1po] (67)

Now I1_ |pipo| = 22 |popo|. This vanishes, because the 5 and 6" columns of the Slater
determinant are equal and any determinant vanishes if two columns are the same. However,
lo_ |p1po| = 2Y/2 |pip1|, which does not vanish. Similarly, L_ [>P;;) = 22 [3Py;). Thus, we
find that

‘3P01> = |p1p-1| (68)

Note that we don’t need to operate on the 1s or 2s spin-orbitals with the lowering operators
because [_ operating on an s function (I = 0) gives zero and s_ gives either zero or leads to

two identical columns.

Problem 19: Determine the determinantal wavefunctions for the other 13 C states. Write
these wavefunctions in the simplified |p;p;| notation of Egs. (68) and (69). The other *P

wavefunctions can be generated, as above, by application of L_ and S_. The D wavefunc-
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tions can be generated by starting with

‘1D20> = |p1p1| (69)

and then using L_. Note, that the wavefunctions for M;, and/or Mg < 0 can be generated

almost by inspection from those with M, and/or Mg > 0.

To help you solve this problem, several of the desired wave functions are:

’3P00> =5_ ’3P01> = (51— + S2-)|[p1p—1]
= N (|pip-1| + |p1p-1|) = N (=|p_1p1| + [p1p-1])

=272 (—|p=1p1| + |P1P-1]) (70)

Here, the normalization constant can be obtained from the applications of S_ on the left,
which gives a factor of [S(S + 1) — Mg(Mg — 1)]'/? = /2 on the left and the applications
of s;_ and sy on the right, which give a factor of [s(s 4+ 1) — m,(m, — 1)]*/? = 1 on the

right. Alternatively, and more simply, NV is fixed so the the sum of Slater determinants is

normalized, namely N = 271/2,

Similarly, we obtain

['Dio) = L ['Dag) = (b + L )lpinl = 27 (lpoi| + o))

and

'Doo) = L |'D1g) = N (Ip-151| + |poio| + [popo| + [p15-1])

=671/2 (lp—1p1| + [p1P-1] + 2|popol) (71)

Here, the normalization constant has to be 1/4/6. The single 'Sy, wavefunction (only M, =
Mg = 0 is allowed) must also be a linear combination of the three Slater determinants which

have Mg = 0 and M_0, namely |pi1p_1]|, |[p_1p1], and |popol,

‘1500> = a|p1p—_1| + blp_1p1| + ¢|popol

The coefficients must be chosen so that this function is orthogonal to the Slater determinant
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expansion of the wave functions for the |'Dyo) and |2 Py) states [Eqgs. (71) and (70). Show
that the answer is

1500) = 3712 (Ipups| + [p_171] — pofiol)

1. Conwversion from definite-M to Cartesian orbitals

It is often convenient to express these wavefunctions in terms of the real (Cartesian) p,
and p, orbitals rather than the complex p; and p_; orbitals. Remember that p, = p,. Since
(note the minus sign for p,, this arises because of the phase conventions of the spherical

harmonics)

p1=—2""(p, +ip,) and p_y =27 (p, —ip,) (72)

we can transform all the wavefunctions into representations in terms of the Cartesian spin-

orbitals. For example
'Dao) = |p1p1| = 27" [pebel — Ipyby| + i 12y | + i [Py (73)
Similarly, we find for the ' D state with M, = —2
'D20) = Ip-1p1| = 27" [|pabal — Dbyl — i |yl — i [Py ] (74)
If you take the normalized plus and minus linear combination of these two states, you obtain
'Dazye) =277 (|'Dao) + ' D)) = 27 (Ipubial — Ipypy[] = 27 z| = lygl]  (75)
and
1D, = —i27% (| Do) — |'Do20)) = 272 [lpaiy| + el = 2721 logl + Iyl]  (76)

In the appendix on Slater determinants, I give a formula for the energy of a Slater

determinant with spin-orbitals ¢, @9, -+, ¢y occupied, namely, if

U= |p1¢2- - On]| (77)


http://www2.chem.umd.edu/groups/alexander/chem691/Slater_determinants.pdf
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then
(V[ H| W) = Z%ﬁzzww—5Ui,ojzz[¢i¢j|¢j¢i] (78)

Here
i = (Gl h|di) (79)
[162] = [] 61)0n() 05210, ()i (50)

and
0dslord] = [ [ 606,05 D0u(2dmr, (81)

Thus, the energy of the 'D,2_,» state is

E('Dy2_y2) = 2615 + 2895 + 269, + [15°|18%] + [25°|28%] + 4[15%(25%] + 2[15°|2p2] + 2[25%|2p2)]
—2[1s2s|2s1s] — 2[152p,|2p, 15| — 2[252p,|2p,25]

+[2p2|2p7] — (242D, |2py2p.] (82)

Note that, because an s orbital is spherically symmetric,

[s*12p7] = [s°[2p])] (83)
and
[2p4|2pss] = [$2py|2py$]

and

[s2p4|2pys] =0

The contribution of the 1s and 2s electrons to the 15 states of the C atom are all identical
(as you might expect, because of the spherical symmetry of the s orbitals. Thus, you could

simplify Eq. (82) to read
E('Dy2_y2) = Ec + [2p712p3] — [2p:2py|2p,2p.] = Ec + [2°|2°] — [zylya] (84)
where

Eo = 2e1, + 269, + 289, + [15%[15%] + [25%]25%] + 4[1s%|25%] + 2[15%(2p2] + 2[257|2p2]
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—2[1s2s|2s1s] — 2[152p,|2p, 15| — 2[252p.|2p.25] (85)

We see from Eq. (84) that the energy of any of the states of the C atom is equal to a
common value (E¢) plus the expectation value of ri5 (the electron repulsion) between the
two 2p electrons.

Similarly, from Eq. (76) that the energy of the 'D,, state is
E(*Dyy) = Ec + [2°y°] + [zylya] (86)

Since the energy of the ' D states has to be the same for any value of the M; projection
(since the Hamiltonian is invariant with respect to your choice of the axis system), all the
Cartesian components of the ' D state will have the same energy. A similar invariance applies
to the 3P states. We can exploit this invariance by equating the energies given in Eqs. (84)

and (86). This gives the relation
[2%|2%) = [wylyz] = [2*[y*] + [wy|ya] (87)
or
[2%|2%] = [2°]y*] + 2[wylya] (88)

This result is reasonable. The coulomb repulsion between two electrons in the same Cartesian
2p will be greater than the repulsion between an electron in a 2p, orbital and a 2nd electron

in the 2p, orbital.

Problem 20: Determine the determinantal wavefunctions for the C states with My = 0
and Mg=0 in terms of the Cartesian p spin-orbitals. To obtain these results, it is easiest
to first obtain expressions for the three definite-M Slater determinants with M; = 0 and
Mg=0, namely

[popo| = |p=D:|

] 1 e Lo T
[p1p-1l = =5 (s + ipy) (Pe = iDy)]) = 5 (= PaPal = |pyPy| — tlpyDe] +ilpapy])

and

(7|pxﬁar| - |pypy| + 2‘pyﬁl‘| - 2‘pxﬁy|)

NN

~ 1 . N L
\p_1p1| = 5 (|(pe — ipy) (P +iDy)|) =
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Consequently, for example, the wave function for the |?Py) state [Eq. (70)] state is

1 B B ) _ _
‘3P00> =5 (—lp=1p1| + |p1P-1]) = 7 (|peDy| — [PyDe|) (89)

Then, evaluate the two-electron energy of the two 2p electrons in each of these states in

terms of the basis integrals [#2|2?], [2%|y?], and [zy|yz]. Remember that

[2%|2%] = [y°[y"] = [*[%7] (90)
[2°|y?] = [2%|2%] = [y?|#*] and so forth (91)
[zy|yx] = [xz|22] = [yx|ry] and so forth (92)

and, since the electron density associated with electron 1 has different Cartesian reflection

symmetry compared to the electron density associated with electron 2,
[zylyz] = [z2|yz] = [zy|yz] = 0 and so forth (93)

To check your results, remember that all five components of the ' D state should have the
same energy, so that the expression you obtain for (!Dy2_y2| H ['D,2_,2) should equal the
expression for (! Dgo| H |* Dyo)

Finally, predict the relative spacing between the three valence states of an atom with a
2p? configuration (such as carbon). The spacing should be similar for Si (...3p?) and also for
O (... 2p*) where there is a double hole (rather than a double occupancy) in the 2p shell, as
well as for S (... 3p?). Use the NIST database to obtain the experimental spacings for C, O,

Si, and S and compare these with your prediction.

2. Reflection Symmetry

Consider a plane containing the z and x axes. Let the operator ,, correspond to a

reflection of all the coordinates in this plane

r—T, Yy—> Y, 22—z


http://physics.nist.gov/PhysRefData/ASD/levels_form.html
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so that, for any function f(x,y, 2)

&mzf(xvyv Z) = f(l’, -Y, Z)

The operator corresponding to a reflection of a N-electron function is just

O-xzf(xlayzazlax%y%ZQ? s axN7yNazN) = f(xla —Yz, 21, T2, —Y2,%22,..., TN, —yN>ZN)

The Hamiltonian is symmetric with respect to this operation, so that the wave functions for
any state of an atom can be chosen to be eigenfunctions of this operator, either symmetric
(which we label “+7) or antisymmetric (which we label “~”). The Cartesian atomic orbitals
are either positive (symmetric) or negative (antisymmetric). Notably, p, is antisymmetric,
while p, and p, are symmetric. the We see from the expression given in Eq. (89) that

l

&xz 3P00> - &xz% (|p:cpy| - |pypx|)

= 5 (lenil +1pypel) = = [ Pio)
so that the |>Py) state is “antisymmetric” with respect to reflection.

The definite-m p; and p_; one-electron orbitals are neither symmetric nor antisymmetric.
From their definition [Eq. (72)] we see that o0,.p1 = —p_; and 0,.,p_1 = —p;. In three (or
higher) dimensions rotations and reflections do not commute. The spherical harmonics
are eigenfunctions of rotation around the z axis, and thus will not be eigenfunctions of a
reflection containing the z axis. However, the overall reflection symmetry of the |>Py,) state
is still —1 even if we express it in terms of the definite-m orbitals [Eq. (70)], because

l

Oz 3P00> = a':vzﬁ (—|p-1p1| + |p1p-1])

4 _ _
= Vo) (=[p1p—s| + [p-ap1]) = — ‘3P00>
Problem 21: Determine the symmetry for reflection in the xz plane of the |'Dgy) and

11Sg0) states.


http://en.wikipedia.org/wiki/Rotation_matrix
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L. Spin-Orbit coupling

The electron possesses a magnetic moment by virtue of its orbital motion

i = 6l
where (3 is the Bohr magneton (8 = ...), and also by virtue of its spin
,Js = gﬁg

where the so-called “g” factor is nearly 2. The interaction of these two magnetic moments

gives rise to the spin-orbit Hamiltonian
Hso = ZCLZZ . S_’; (94)
i

where the sum extends over all the electrons. Here a is a constant which can be evaluated
from the electronic wavefunction. There is also a term (the “spin other-orbit” term) which
arises from the interaction of the spin and electronic orbital magnetic moments on two
distinct electrons, but this is much smaller, so that we will ignore it here.

As with any two angular momenta, you can express the dot product as

[-§=1ls.+ % [lhs— +1_s4] (95)

Problem 22: Prove Eq. (95).

Suppose that the wave functions for each state are expressed as a sum of Slater deter-
minants. Each spin-orbital is an eigenfunction of both [, and s, (in the latter case the
eigenvalue is +1/2). Thus the action of >_ 1, s., on a given Slater determinant is a constant

times the same Slater determinant, namely

ZZZiSZi $109...01...0N| = C |$10a...04... 0N

Consequently, the matrix of the operator >, s.. is diagonal.
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Also, since the effect of I, s_ or [_s, is to raise m; while simultaneously lowering m (or
vice versa), the effect of 3 1.,s,, on a given Slater determinant is to yield either zero (if the
raising or lowering operators operate on an orbital for which m; or my is at the top (or
bottom) of their allowable range, or to yield a Slater determinant in which the the value of
the sum of m; + my is unchanged.

Since the spin-orbit Hamiltonian is a sum of one-electron operators, the matrix elements
of ]:Iso vanish between Slater determinants which differ by more than one spin-orbital. In

general, for a determinant 1)) = |¢1¢9...¢;...0n| we have
(Y| Hgo |¥) = Z l.,s., (96)

In other words, only the [.s, term contributes to the diagonal elements of the spin-orbit
operator. Also, because s, is alternately +1/2 and —1/2 for a doubly-filled orbital, only
unfilled shells contribute. For example, consider the six states which correspond to a p'
electron occupancy (the B atom, say). We can label these states p1, p1, po, Po, p—1, and p_.

The diagonal matrix of I,s, is (there is only one electron to consider, so there is no sum over

i)

Pr P1 PoPo P-1 P-1
pi|1/2 0 00 0 0
pi| 0 —1200 0 0
| 0 0 00 0 0 (97)
p | 0 0 00 0 O
p| 0 0 00 —1/2 0
5.l 0 0 00 0 1/2

As discussed in the paragraph before Eq. (96), only the Iy s_ or [_s; terms result in off-
diagonal coupling. there is no coupling between terms for which the sum of m; and my is

unchanged. Thus, for example

(p1] Hyo o) = a/2 (1] Les— + 154 |Bo) = a/2{(p1 |p_1) = 0
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and

(1] Heo Ipo) = a/2 (51| lys— + sy |po) = a/2(p1 [pr) = 1/2

Note that in the first case m; +m is 3/2 for the bra and —1/2 for the ket, so that the matrix
element vanishes. In the second case, m; +m, = 1/2 for the bra and 1/2 for the ket, so that

the matrix element of H,, is non-vanishing.

Problem 23: Evaluate all the other off-diagonal matrix elements of the spin-orbit operator
in the basis of the six p' states. Add this matrix to the diagonal component [Eq. (97)], then

diagonalize this to get the spin-orbit energies.

Answer

P1 P1 Po Po pP-1 P
pr | 1/2 0 0 0 0 0
pr| 0 —1/2 2742 ¢ 0 0
po | 0 =272 0 0 0 0
po | 0 0 0 0 —272 0
p_1| 0 0 0 —27Y2 —1/2 0
p_1| 0 0 0 0 0 1/2

Note that this 6 x 6 matrix factors into two uncoupled 3 x 3 matrices, which have identical
eigenvalues. This identity between the two 3 x 3 matrices is easier to see if we rearrange the

states as follows:

D1 Do P11 P-1 Do D1
pr | 1/2 0 0 0 0 0
po | 0 0 —272 9 0 0
pr | 0 —27Y2 —1/2 0 0 0
poi| 0 0 0 1/2 0 0
po | O 0 0 0 0 —271/2
pal| O 0 0 0 —27Y2 —1/2

=

Problem 24 One can also write the total electronic orbital angular momentum (.J) of the

atom as the vector sum of the total spin angular momentum S and the total electronic
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angular momentum L. For an atom in a 2P state S = 1/2 and L = 1. Thus, by the rules
that applies to vector addition of two angular momentum in quantum mechanics, we see

that J = 1/2 or 3/2. If you ignore the spin-other-orbit terms, show that
HSO:aZl_;~<§}%“aE~§

Then show that

A~

i, — g (J2 - 1* - 5%)

Use this expression to evaluate the spin-orbit energies and degeneracies of the spin-orbit
states of an atom in a p! (*P) and a p? (3P) state. The first answer should agree with what

you obtained in Problem 23.

M. Time reversal states

Under the effect of time reversal, the projection of angular momentum states changes

sign. Specifically, if @ is the time-reversal operator, then[4]
0 |jm) = (=1)""[j —m)

Or, 8]1m) = —(—1)"|1 —m) and 0]1/2,£1/2) = £[1/2,F1/2), so that

O0po = —Do
0Dy = +po
Op1 =p_
0p1 = —p_
Op_1 =Py

and

O0p_1 = —p
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Thus, proper time-reversal invariant states are
104) =272 (po =+ ipo)

13/24) = 2712 (p1 £ ip1)

and

11/24) =272 (py Fip_1)

Here we designate the linear combinations of the m; = 1 and —1 states by the absolute value

of w=m; + ms,.

[1] Retrieve the data for He I, then scroll down until you find He II (2S1/2) Limit 198 310.6609.
This is the ionization potential of He.

[2] The approximation is called Hartree-Fock when there are more than two electrons, so that
electron exchange has to be included. For simplicity, we will designate it as Hartree-Fock even
in the case of He, where there are no exchange terms.

3] A. R. Edmonds, Angular Momentum in Quantum Mechanics, 2nd edition, third printing
(Princeton University Press, Princeton, 1974).

[4] D. M. Brink and G. R. Satchler, Angular Momentum, 2nd edition (Clarendon Press, Oxford,
1974) p. 62.



	Contents
	Electronic Structure Theory: Atoms
	Hydrogenic atoms
	Other central potential problems
	Perturbation and Simple Variational treatment of the He atom
	Basis set solution of the Hartree equation for the He atom
	Symmetry of two-electron integrals

	Configuration Interaction
	Spin states of two-electron systems
	Excited states of the He atom
	Gaussian orbitals
	Coupling of two angular momenta
	Determination of Clebsch-Gordan coefficients
	Slater Determinants – Atoms
	Conversion from definite-M to Cartesian orbitals
	Reflection Symmetry

	Spin-Orbit coupling
	Time reversal states

	References

