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I. ELECTRONIC STRUCTURE THEORY: ATOMS

A. Hydrogenic atoms

Consider the Hamiltonian for the interaction between a nucleus of charge +2 and a single
electron (Here we will use p for the distance from the origin in spherical polar coordinates.

We will then change variables, to be left with r, which is the more usual variable)

h? Ze?

H(T,9a¢):_2m6p2 2_47T€op
__h2g23+13m9g+1a2_ze2
 2mep? | Op P dp sing oo \™"" o9 sin? 0 D> Ame,p
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where L? is the operator for the square of the angular momentum of the electron moving
around the nucleus. Technically, the mass which appears should be the proton-electron
reduced mass

o mypme
a My + Me
but since m, is ~2000 times smaller than m,, @ ~ me.

We can simplify things if we define the distance in terms of the so-called Bohr radius ag

(the radius of the electron in the Bohr theory of the H atom), namely

r=p/ao
where
drre b
a, = 5
mee
In terms of r the potential becomes
Ze? —etm 2

V = — =
dme,p (47r60)2h27’


https://en.wikipedia.org/wiki/Angular_momentum_operator
http://www.en.wikipedia.org/wiki/Bohr_radius

Problem 1: Use the chain rule

d B dr d
dy  dydx
to show that
h? 92 mee* 02

o, 07~ (e, B2 O

Use this result to show that in terms of r, # and ¢, the Hamiltonian of Eq. (1) is

The Schrodinger equation for the motion of the electron in a hydrogenic atom is

H(p,0,0)¢(p,0,9) = Ev(p,0,0)

Replacing p with r and using Eq. (2), we have

1 [0 0 -
{_ﬁ [E <T2E> - L2(97 ¢):| - Z/T} w(rv ‘97 ¢ = 5¢(T7 97 ¢) (3>
where
o (47reo)ih2E
M€

Thus, we see that if we measure the distance in units of ag (the atomic unit of distance, called
the bohr) and the energy in units of m.e*/[(4me,)?h?] (the atomic unit of energy, sometimes
called the Hartree), we can eliminate all the messy constants from the Schrodinger equation.
We have already introduced these atomic units in the first section of Chapter 1. If we

multiply Eq. (3) by 2r? and take the right hand side over to the left, we get

{_ﬁ (Tzaﬁr) L*(0,¢) —2Zr — 2&;} W(r,0,¢ =0 (4)

which we can write as

A

A.) + 12(0,0)] 0(0.0,6) = 0 (5)

where the definition of H,(r) is obvious from comparison of Eqs. (4) and (5).


http://en.wikipedia.org/wiki/Atomic_units
http://en.wikipedia.org/wiki/Atomic_units

Here we have separated the Hamiltonian operator into a term depending only on r and
a term depending only on 6 and ¢. In this case, the mathematics of partial differential
equations allow us the write the solution as a product of a term depending only on r and a

term depending only on § and ¢, namely

P(r,0,0) = R(r)Y (6, ¢)

Inserting this into Eq. (5), dividing by ¢ and simplifying we get

H(r)y(r,0,¢) = —L*(0, ¢)1(r, 0, ¢)

or

Y (0,¢)H(r)R(r) = —R(r)L*Y (0, ¢)

We can divide by ¥(r, 6, ¢) = R(r)Y (0, ¢), and simplify to get

H(r)R(r) _ L*Y(0,9)
R(r) Y(0,9

Here, the left-hand side depends only on r while the right-hand side depends only on 6
and ¢. For this equality to be true in general, each side, separately, has to be equal to a

constant. Let’s call this constant K. Thus, we have

L*Y(0,¢),
s ) =K (6)
. 1(r)R(r)
H(r)R(r

Equation (6) can we rewritten as the eigenvalue equation

which is identical to the Schrodinger equation for the rigid rotor. The solutions must be

finite and single valued. In other words

Y(O+m ) =Y(0,0)



and

Y (0,6 +21) = Y (6, 0)

To satisfy these boundary conditions, the constant K must equal —j(j + 1), where j is a
positive semi-definite integer (j = 0,1,2,...). Here, to avoid confusion of [ (el) with the

number one, we use j to designate the rotational angular momentum with m its projection.

The solutions are called Spherical Harmonics, Y;,,,(6, ¢); you can find expressions many places.

They are eigenfunctions of L? and L,, namely (in atomic units)
L*Yn(6. 6) = j(j + 1)Y;(6, ¢)

and

A

L.Yjm(0, ¢) = mY;n(0,9)

The spherical harmonics are normalized and orthogonal. In other words, the integral of the
product of two spherical harmonics over all angles, weighted by the area element in spherical

polar coordinates,

dA =sinfdf d¢
is
//Y;m’(a ¢)Y3m(9a Cb)dA = 5jj’5mm’

With the restriction that K = —j(j 4+ 1), we can rewrite Eq. (7) as

A

H(r)R(r) = j(j + 1)R(r)

or

PJ_Q(25)_5+jU+”—g}quo (8)

2r2 Or " or T 22

We can further simplify this equation by defining a new function G(r),


http://www.en.wikipedia.org/wiki/Spherical_harmonic
http://www.en.wikipedia.org/wiki/Spherical_harmonic

Problem 2: Show that

1
o)

8,0 B
Br { 0_] B =T

Then show that Eq. (8) reduces to

{%% _ 75 i ](]2%1)} G(r) = cG(r) (9)

Equation (9) is entirely equivalent to the usual one-dimensional Schrodinger equation,
with potential
Z  j+1
Vir) = _Z iU+ D

r 2r2
At large r, the second term, which varies as r=2, goes to zero faster than the first term,
which varies only as 7—!. Similarly, as r — 0, the 2nd term goes to +oo faster than the first

term goes to —oo. The potential is consequently negative at large r but positive at small 7,

V(p) / hartree
)
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FIG. 1. V(r) for the hydrogen atom (Z = 1), with j =0, 1 and 2.

as shown in Fig. 1.

The solution G(r) has to behave correctly at the origin, and go to zero at infinity. It is



possible to show that the limiting behavior at the origin is

. 1+1

lim G;(r) ~r?*
The radial functions R(r) are tabulated many places. They are real and proportional to
Laguerre polynomials, and are indexed in the principal quantum number n, as well as in j
(but not m). Here n is restricted to positive integers. Further, for a given n, the allowed
values of j are restricted to all positive integer values less than n — 1. The functions are

normalized by integration over all 7 with the volume element r2dr, so that

/ Rn/J/(T)Rn,l(T’)?de = / Gn/J/(T)GnJ’(T)dT = 5717”/5]',]'/ (10)
0 0

The energy, in atomic units, is given by the famous Rydberg formula

Z2

Ep = ———
" 2n?

Note that the energy is independent of j. For the hydrogen atom all rotational and projection
levels with principal quantum number n are degenerate. This is remarkable. Despite the
large difference between the j = 0, 7 = 1, and j = 2 potentials seen in Fig. 1, the energy
of the second level in the 7 = 0 potential equals exactly the energy of the first level in the
j = 1 potential. Similarly, the energy of the third level in the j = 0 potential equals exactly
the energy of the second level in the j = 1 potential, and both equal exactly the energy of
the first level in the j = 2 potential.

The other thing to note is that the radial functions R,,;(r) have n — j — 1 nodes. [A node
is a discrete values of r greater than zero and less than 400 where R(r) vanishes]. Also, at
large r, the behavior of the wave function is given by

lim G(r) ~ " ‘exp(—rZ/n)

r—00


http://www.en.wikipedia.org/wiki/Hydrogen_atom

Problem 3:

The radial functions for the 1s and 2p states are
Ris(r) = Nysexp(—Zr) (11)

Ry, (1) = Noprexp(—Zr/2)

Use Eq. (10) to show that
Nis = 2C3/2

Then determine a similar expression for the normalization coefficient N,,. Remember
that the normalization relation is given by Eq. (10).

The radial function for the 2s state is
Ros(r) = Nas(1 4+ Br) exp(—Zr/2)

Determine the value of Noy and B. In solving this problem you will need the integral

= n!
/0 x"exp(—ax)dr = s,

At what value of r does the node in the 2s radial function occur?

Then, determine the expectation values of r and 1/r in the 1s, 2s, and 2p states of a
one-electron atom with nuclear charge Z. The expectation value of r is an estimate of
the size of the one-electron atom.

Finally, suppose you have a hydrogen atom with the electron replaced by a negative

muon. What would be the radius of this atom?

B. Other central potential problems

An entirely similar procedure can be used to solve other two-particle problems in which

the potential depends only on the distance between the two particles. The Hamiltonian is


http://en.wikipedia.org/wiki/Muon

similar to Eq. (1),

H(r.0,¢) = _2Zi2 {% (ﬂ%) - i?(e,qs)] V() (12)

where (1 is the reduced mass of the two particles u = (mymy)/(mg+my). [Equation (8) refers
specifically to the hydrogen atom where the mass is equal to unity in atomic units.] The
wavefunction is separable into the product of a spherical harmonic and a radial function R(r).
This latter can be written as G(r)/r, where G(r) satisfies the one-dimensional (ordinary)
differential equation:

h? d? R%5(5 +1)

——— +V(r)+

o1 dr? G(r) =eG(r) (13)

2412

Problem 4: Consider a spherical box, defined by the potential
V(ir)=0,r<a

and
V(r)=o00,r>a

The boundary conditions for the radial wave function G(r) are then that G(r) vanish

at r = a and satisfy Eq. (13) with V(r) = 0 inside, in other words (in atomic units)

1@ jU+D
241 dr? 212

G(r)=eG(r),r<a (14)

1/2

By making a variable change z = (2ue)'/*r, use the chain rule

d dzd

dr — drdz
show that this equation is equivalent to the Ricatti-Bessel equation

d2
2 2 _
gt —n(n+1)|w,(z) =0

Here, we have replaced the integer index j by the integer index n, to avoid confusion



http://mathworld.wolfram.com/RiccatiDifferentialEquation.html
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later.

The solutions which behave regularly at the origin are

wn(2) = 2jn(2)

where j,(2) is a spherical Bessel function of the first kind (see also section 10.4.7 in the
NIST digital library of mathematical functions or the equivalent section in the classic
Handbook of Mathematical Functions by M. Abramowitz and I. Stegun. Explicit expres-

sions for these functions are, for n = 0, 1,2 (shown in Fig. 2)
wo(z) = sin z

wy(2) = 2 'sinz — cos z
wa(z) = (3272 —1)sinz — 32 ' cos 2
In general, in terms of the regular Bessel function J,(z), we have

Tz

wn(2) = (Z) " Fura(2)

1/2

The allowed energy levels are those for which w(z) vanishes at z = (2ue)'/*rg. In

other words, (2ue)'/?

ro must correspond to a root of w,(z). Determine the first and
second roots of wo(z) and wy(z) [the lowest two values of z for which wy(z) and w;(z)
vanish/, as well as the first root of wo(z).
Hint: to work this in Matlab, you first have to define a function, wi(x), say, using
Matlab’s anonymous function capability

wl(x)=0(x) sin(x)/x - cos(x)
This defines a function wl(x) which is equal to (sin x)/x - cos . The “@Q(x)” indicates
that you’re defining an anonymous function of x which will be defined immediately after
the @(x). Then, you need to search for a root of wy between, say 0.5m and 1.57

fzero(wl,[0.5 1.5]*pi) The answer comes back as 4.4934, which is 1.4303m.

Alternatively, in Wolfram alpha, you would enter the request “using Newtons method



http://mathworld.wolfram.com/SphericalBesselFunctionoftheFirstKind.html
http://dlmf.nist.gov
http://www.nr.com/aands/
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solve sin(x)/x - cos(x)=0". The answer comes back as 4.4934. To get the 2nd root, you
should enter the request “using Newtons method solve sin(x)/x - cos(x) = 0 starting at
t=10" (or whatever you think would be a good initial guess).

From the values you obtain for the roots of wi(x), we(x) and ws(z), determine, as a
function of the radius of the box ry, the energy of the lowest two s (n =0) and p(n =1)
levels of an electron in a spherical box as well as the energy of the lowest d(n = 2)
level. What should the radius of the boz (in Bohr) be so that the energy of the 1s — 2p

transition is equal to that of the H atom?

w, (blue), w, (red), w, (orange

0.5 \
0

051

z

FIG. 2. Ricatti-Bessel functions w(z) for n=0, 1, and 2.

C. Perturbation and simplest variational treatment of the He atom

The Hamiltonian for the motion of the two electrons in the He atom is (in atomic units)
H(1,2) =h(1) +h(2) +1/r1 (15)
Here, r5 is the distance between the two electrons

T2 = |771 —772|



12

and the one-electron Hamiltonian A is the sum of the operator for the kinetic energy of the

electron and the attraction of the electron to the nucleus, namely
Lo
h(1) = —§V1 —Z/m (16)
and, similarly, for h(2).
In a perturbation theory approach, we can treat the electron repulsion as the perturbation,
so that the zeroth order Hamiltonian is
Hy = h(1) + h(2). (17)

This Hamiltonian is separable so that the wavefunction can be written as the product of two

hydrogenic one-electron functions v, ,, and the total energy is the sum of the hydrogenic

72 1 1
EO — 2 [ — 4 —
T <n% *@)

Here the index n is a collective index for nq, I, mq, no, ls, mo. In the lowest state, with energy

energies, namely

E(O) —72, both electrons are described by the hydrogenic 1s function

15(r) = Rus(r)¥in(0. 6) = Rus(r) (%)/ _ (27)/ exp(~2r). (1s)

The two-electron wavefunction is
9(1,2) = 15(1)1s(2) (19)

The first-order correction to the energy is just the expectation value of the perturbation,

namely, for the ground state

= (u7(1,2)| )wo (1,2))
//ls J1s(1)——15(2)15(2)dVidVa (20)

12

Z3 e’} T T 27 2
= <—) / r%drl/ r%drg/ siné’ldé’l/ sin92d6’2/ dcbl/ dpae™ 2772
™ 0 0 0 0 0 0
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This 6-dimensional “two-electron” integral can be evaluated by making use of the expansion

i—iﬁp( 0 21
=) xrhh(cosbh) (21)

r
12 =0 rs

Here r— and r~ are the smaller and larger of r; and 7o, in other words: r— = min(ry, ry).
Also Py is a Legendre polynomial and 65 is the angle between 7} and 75. The definition of

the dot product of two vectors implies that
cosbio =11 - To/(r172)
Thus, using the projection of 7 into Cartesian coordinates
7= r(cos 62 + sin @ cos ¢z + sin sin ¢7) ,

we obtain

cos f15 = cos 01 cos Oy + sin 0y sin Oy (cos 1 cos Py + sin ¢ sin @)

Since the s functions are spherical, only the A=0 term in Eq. (21) will give a non-vanishing

result, so when evaluating Eq. (21), you can use

— - (22)

Problem 5: Show that the A = 1 term in Eq. (21) makes a vanishing contribution to

ES" (Eq. 21).

Thus, schematically,

o0

] 00 1 ro
f(r))—g(ry)drdry = 167> flro)rdry | g(ra)ridry + | g(ro)radry [ f(r)ridr
i o i o ]

In the first integral on the right-hand-side, r5 is always less than r; so that i =1/r;. In
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the second integral, r; is always less than ry so that i = % Figure 3 depicts the domain of

"

FIG. 3. Tllustration of the range of integration in Eq. (23)

integration. Both r; and r, can range over all positive values. The diagonal line corresponds
to r1 = r9. In the red shaded region r; is greater than ry. This region corresponds to the

first double integral in Eq. (23).

Problem 6: Show that

1 Z
[15%|15%) = [1s1s|1sls] = //13(1)271215(2)2dv1d1/2 = % (24)

With the result of this problem, we see that the energy of the ground (1s?) state of the

two-electron ion with nuclear charge 7 is predicted to be

EQ +EN =-2%+ %
For He this is —2.75 hartree. The true energy of He can be determined by adding the
binding energies of the two electrons. The binding energy of the first electron is just the
energy of 1s state of Het, namely —2. The binding energy of the second electron is just
the negative of the ionization potential of the He atom. To get this, go to the the NIST
tables of electron energy levels of the atoms and positive ions. Enter He I (that’s the des-
ignator for the He atom, the I means the neutral atom. The designator II would mean
the single-ionized atom (the positive ion), IIT would mean the doubly-ionized atom, and so
forth). When the window returns data, scroll down until you find He II (2S1/2) Limit

198 310.669. This is the ionization potential of He. Converting from wave numbers to


http://physics.nist.gov/PhysRefData/ASD/levels_form.html
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Hartree (dividing by 201474.6) shows that the ionization potential is 0.90357 Hartree. Thus,
the total electronic energy of He is —2 4 (—0.90357) = —2.90357 Hartree. The perturbation
theory estimate of —2.75 is quite poor.

To zeroth-order the wavefunction for He [Eq. (19] is a product of one-electron hydrogenic
orbitals. Approximating a multi-electron wavefunction as a product of one-electron functions
is how we will describe wavefunctions of all many-electron atoms and, eventually, molecules.
For He, as we have seen, the zeroth-order choice for these one-electron functions are 1s
functions with exponential factors (—Zr) which depend on the nuclear charge. We can
improve this, quite easily, by replacing the nuclear charge (Z) by a variable constant (.
Because each electron screens the other electron to some extent, we anticipate that ¢ will

be less than Z. In other words, we can define a generalized hydrogenic 1s orbital

1= (%) " exp(=cn) (25)

where ( is a variable screening constant. In this variable-( approximation the He wavefunc-
tion is, instead of Eq. (19,
¥e(1,2) = Tsc(1)12(2) (26)

We will then calculate the variational energy

Euar = (¥(1,2) H 1 (1,2)) /(0 (1,2)[10(1,2)) = 2 (Lsc| b [Lsc) + [1s¢] 1]

which will be a function of (. By minimizing this expression with respect to varying ¢, we
can obtain the best variational estimate of the energy of the two electrons in He, subject to

the constraint that the wavefunction is adequately described by the product form of Eq. (26).

Problem 7 Show that (1s¢|h|ls;) = —Z( + (?/2

Problem 8: Use the results of problems 6 and 7 to determine an expression in terms

of Z and ( for the variational energy of the He atom. Then minimize this to determine
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the optimal screening coefficient ( and the best variational energy.

Problem 9: Consider two 1s functions i and j, given by Eq. (25), where 1s; has the
screening constant ¢ and 1s; has the screening constant (’. Determine expressions for
the one electron integrals (i|j) (overlap), (i| — $V?|j) (kinetic energy), and (i| — 1/r[j)
(nuclear-electronic attraction energy). The results will be explicit functions of ¢ and (’.

Also, determine an expression for the coulomb and exchange two-electron integrals.

1
152157 = [1s15[15'18] = //13(1)2—15’(2)2dv1dV2
12

[1515/[15'15] = //1s(1)1s’(1)é13’(2)15(2)dV1dV2

In every case, the results will be a function of both ¢ and ¢’. To check your work,

Table I gives values of the desired integrals for ( = 1 and (' = 3.

TABLE I. One- and two-electron integrals involving two 1s functions: 1s with screening constant
¢ =1 and 15’ with screening constant ¢’ = 3.

integral ~ value (Hartree)
{1s]15) 0.64952
(1s| — 1V2|1s')  0.94728
(1s| — 1/r|1s") -1.2990
[15%]157] 0.89062
[1s1s'|1s'1s] 0.52734

D. Basis set solution of the Hartree equation for the He atom

The choice of the wavefunction for the two-electron He atom which underlies the pre-

ceding section is a product of one-electron functions. This is guided by the separation of
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the Hamiltonian in Eq. (17) in which the zeroth-order Hamiltonian is a sum of identical
one-electron terms. The best product wavefunction of this type is given by the Hartree
approximation, in which each of the two He 1s electrons moves in the field of the nuclear
attraction and in the averaged field of the repulsion with the other electron. Consequently,
in the so-called Hartree (or Hartree-Fock [1]) approximation the Schrodinger equation for

the 1s electron is the following one-electron, three-dimensional integro-differential equation

a _ o2 2 ¢*(r2) _
HHF¢(T1) = —5V1 - T— + ” d7'2 ¢(T1) = 5HF¢(T1) (27)
1 12

Since the solution appears under the integral sign, it is most straightforward to solve
Eq. (27) iteratively. One guesses a solution, ¢®)(r), which then defines the so-called “mean-

field” potential, which we designate V.,
2
Vee(r1) = / MCZT% (28)
12

We then solve the Hartree Schroedinger equation [Eq. (27)] for ¢(!)(r;), with which we
determine a new mean-field potential, and then new value of egr and so on until convergence
is reached, at which point the calculated energy ey at iteration m + 1 has not changed
significantly from its previous value. The convergence of this iterative process is called

“self-consistency”, and the overall method: “self-consistent-field” (SCF).

Although for atoms it is possible to do this all numerically, for molecules the only practical
method is by expansion of the solution in a basis set. To illustrate this, for simplicity suppose

we expand the Hartree-Fock orbital in just two basis functions

o (r) = e x1 (r) + 5 xa(r) (29)

Here the superscript n designates the n'* iteration. From Egs. (28) and (29), we see that
after the n'" iteration the mean field potential arising from the repulsion of electron 1 with

the averaged position of electron 2 is
¢(ra)[? N |
Vee(r1) = / [(r2) ;2” dry =Y Vel Xi(r2) —xa(ra)dr (30)
12 Y 12

Here, for simplicity, we will assume that the expansion coefficients are real.
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At the n + 1”‘ iteration, as in any linear variational method, we obtain the expansion
coefficients c by diagonalizing the matrix of Hyp in the 2 x 2 basis of {x1, x2}. Note that
the basis functions don’t change during the iterative process; only the expansion coefficients
¢;. Schematically, the matrix elements of lfIHF are sums of matrix elements of the one-

clectron Hamiltonian A(1) = —3V? —2/r and of the mean-field repulsion V,.(1), so that

R 1 2 1
Oal Hur ;) = =5 (il V2 Ix;) — (xil ~ i) = 5 Ol Vee ) (31)
The matrix elements of V., are

ch ) / X (Tl)xk(rg)%Xj(ﬁ)xl(rg)dﬁdﬁ (32)

We use the compact notation for these so-called two-electron integrals that we have

already introduced in Eq. (24) and in Problem 9, namely

ijlkl] = / X?(h)XZ(Tz)%Xj(h)Xz(Tz)dedﬁ - / x:<n>x;<rl>}mxk<r2>xl<r2>dmﬁ (33)

In terms of this notation, Eq. (32) becomes
Z e e ikl (34)

Note that [ij|kl] defines a square matrix of order N? x N? = N*. We will designate this
matrix as (hyy)? with the understanding that each ij* element is a 2x2 matrix (two possible

values of k and two possible values of [). Let ¢" define a column vector of length 2. Then

(Vee)ij = €™ (h1o)y ™, (35)

where the superscript T denotes the Hermitian adjoint (that is, a row vector with elements
that are the complex conjugates of the column vector c(n)).

A standard procedure is to use so-called Slater (hydrogenic) functions
gi = N;exp(—(;r) (36)

as the basis functions {y1, x2}. Because these functions are not orthogonal, we will need
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to determine the overlap matrix S with elements S;; = (x;|x;), and then use one of the
methods described in Subsection D of Chapter 1 to determine the variational energy in this
non-orthogonal basis.

Thus, the iterative procedure consists of
(a) Determination of the NV x N matrix of the one-electron Hamiltonian h and of the overlap.
(b) Determination of the N? x N? matrix of two-electron integrals [ij|kl] (many of these
will be the same by symmetry; see below).
(¢) An initial choice of the c(® vector.
(d) Determination of the N x N matrix of the mean-field repulsion from Eq. (35). (e)
Diagonalization of the N x N matrix of the Hartree Hamiltonian (Hyp) to determine the
new coefficient vector ¢ and the new Hartree energy 5&%
(f) Iteration of steps (d) and (e) until self-consistency is reached, at which point ¢! = ¢(™

and 5%"; R &ﬁg Usually, one choses an energy cutoff criterion:

g(n-l-l) (n)

‘ ur  —Enr| S € (37)

where ¢ = 108 hartree.

When self-consistency is reached, from Eq. (27) one sees that

e = <¢<n> ‘ HHF‘ ¢<n>> = (6™ |h] ¢ + [ ™| p™)] (38)

In other words, the Hartree-Fock energy is the one-electron energy of the electron in orbital
#™ plus the average repulsion energy of this electron with the other electron. Note, then
that twice the Hartree-Fock energy is equal to twice the one-electron energy plus twice the
two-electron repulsion energy.

In the Hartree approximation the He wavefunction is the product of the one-electron

functions which are the iterated solutions to Eq. (27). We have

it (1,2) = G (DR (2) (39)
Thus, the total energy of the He atom, in the Hartree-Fock approximation is

Ene = 2enr — [9M 0™ |pMo™] . (40)
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This result is important: The variational estimate of the total energy of the atom in the

Hartree-Fock approximation is not equal to the sum of the Hartree-Fock orbital energies.

1. Symmetry of two-electron integrals

For two basis functions x; and Yz, there are only 6 distinct matrix elements in the 4x4
matrix of two-electron integrals. If we use the simplified notation 1 = y; and 2 = x», these

distinct matrix elements arerl [11|11], [22|22], and

[11]22] = [22|11]
[11]12] = [11[21] = [12|11] = [21|11]
[12]12]

[21|21]

[12|21] = [21]12]

[12]22] = [21|22] = [22|12] = [22|21]

Table IT shows the convergence of this iterative Hartree-Fock procedure, with two basis
functions with (; = 1 and ¢, = 3. In this table, C; and C5 are the expansion coefficients in
Eq. (29). The convergence is rapid. Note that twice the Hartree-Fock energy epp is NOT
equal to the electronic energy of the atom. By varying ¢; and (3, you can obtain an even

better estimate, as shown in the last line of the table.

TABLE II. Convergence of double-zeta® Hartree approximation to the 1s? state of the He atom.

En b Cl C2 EHe
~1.1278 0.6462 0.4512 -3.0066
-0.8923 0.7483 0.3363 —-2.7192
-0.9536 0.7203 0.3689 —2.7988
-0.9361 0.7282 0.3598 —-2.7764
-0.9410 0.7260 0.3623 —-2.7827
-0.9396 0.7266 0.3616 -2.7809
—-0.9400 0.7264 0.3618 —2.7814
-0.9399 0.7265 0.3618 —-2.7813

00~ O UL W3

8¢ -0.9179 0.8416 0.1829 -2.8617

aglzland@:?).
b Energies in Hartree.
¢ (3 =1.452 and (o = 2.900.
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The best single-exponential (¢ = 1.6875) and Hartree descriptions of the behavior of the
1s electron in the He atom are remarkably similar. In Fig. 4 we compare the probability

p(r) of finding the 1s electron at a distance r from the He nucleus

predicted by the Hartree and single-exponential orbitals.

comparison HF (blue) and single exponential (red) for p(r)

0.08
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FIG. 4. Tllustration of pis(r) for Hartree-Fock (blue) and single-exponential (red: ¢ = 1.6875).

We see that the HF density is slightly more delocalized, and hence leads to a slightly
lower of the electronic repulsion. From Eq. (24) we calculate that the average repulsion
predicted by the single-exponential description is [15%|15%]¢~16s75 = 1.0547 H. From Eq. (38)
and the last row in Table II we see that [15%|1s%]gr = 1.0259 H, slightly lower.

E. Configuration Interaction

Expansion of the solution to the Hartree equation [Eq. (27)] in a basis results, by the
variational principle, in an upper bound to the exact Hartree-Fock energy. Often the size of
the basis is characterized by the number of Slater functions [Eq. (36)] which are included,
with the notation “double-zeta” (dz) for two functions, “triple-zeta” (tz) for three functions,

ete.
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As we mentioned earlier, the true energy of He is —2.90357 Hartree. This is 0.042 Hartree
lower than the Hartree-Fock limit. The reason for this significant error is that in the Hartree-
Fock approximation each electron moves in the average field due to the other electron and the
nucleus. Instantaneously, each electron avoids the other in a more complicated fashion. It is
this instantaneous correlation between the positions of the two electrons which is neglected
in the Hartree-Fock approximation. The correction to the energy is called the “correlation
energy” .

Ecorr = EHF - Eexact

This is usually on the order of 1 eV (0.037 Hartree) for each pair of electrons. Table III

gives the Hartree-Fock and exact energies of the two-electron ions from H~ up to C**.

TABLE III. The Hartree-Fock and exact energies® of the two-electron ions with nuclear charge Z.

Atom Z EHF Eezact
H~ 1 -0.487294 ~0.527736
He 2 —-2.861677 —-2.907325
Li* 3 ~7.236411 ~7.279723

Bet 4 -13.6113000 —~13.655582
B3t ) —21.9862332 —22.031727
Cir 6 -32.3611910 -32.409062

& Energies in Hartree units.

Problem 10: From the energies listed in Tab. III answer the following questions:

(a) In the Hartree-Fock approximation would you predict the H™ ion be stable? In
other words, will H™ be at a lower energy than H and a free e?

(b) Calculate and plot the correlation energies of the two-electron ions from H™ up to
C*.

(c) Would you expect the correlation energy to increase or decrease with Z?7 Why?

Recovery of the correlation energy can be achieved only by expanding the variational
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wavefunction beyond the Hartree-Fock approximation, namely (for He)

V(1,2) = ¢nr(1)dnr(2) + ZC Pur(1)Yn(2 Z VYm(2)
n,m=1
Here {1} is a set of one-electron functions that are orthogonal to the Hartree-Fock 1s
(¢ur) orbital. The first summation includes all one-electron (single) excitations out of the
Hartree-Fock wavefunction, while the second summation includes all two-electron (double)
excitations. To include the exchange symmetry of the electrons, this expansion should be

written as

U(1,2) = ¢ur(1)pur(2 +ZD( [Pur(1)1n(2) + dur(2)Yn(1)]

n=1
+ZDn

— [V (1D)m(2) 4+ ¢n(2)m(1)] (41)

The matrix of the Hamiltonian is then constructed in the large basis of singly and doubly
excited states, then diagonalized. This technique is called “configuration-interaction”, or,

CI. In practice, the number of states gets rapidly very large.

For example, suppose you are using a double-zeta s orbital basis. On linear combination
is the 1s Hartree-Fock orbital. The second (orthogonal) combination, call it ¢, defines the
sole excited (or “virtual”) orbital. There is then one singly-excited state ¢ypps and one
doubly-excited state ¢3. So the CI consists of 3 states. If you use a triple-zeta s orbital
basis, then there are two virtual s orbitals. There are two singly-excited states and three

doubly-excited states.

If all the virtual orbitals are limited to s functions, then the CI energy is called the “s-
limit”. Omne can add p, d, etc functions to the basis, which will all be orthogonal to ¢yp.
The CI energy is then called the sp-limit, the spd-limit, etc. Table IV shows the convergence
of the calculated energy of He as the size of the CI is increased. Eventually, we do get close
to the three energy, but the convergence is slow. The number of states and the number
of two-electron integrals goes up very dramatically. Thus the calculations rapidly become
more difficult while the differential improvement of the calculated energy becomes smaller

and smaller.

For a system with more than two electrons, the summation extends over triple, quadruple,
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TABLE IV. Convergence of calculated CI energies (Hartree) for the 1s? state of the He atom.

basis limit Ecr Agp * configurations two-electron integrals

vbz Hartree-Fock -2.86162 4.2x 102 1

vhz s-limit  —2.87891 2.5x 1072 15 120

vhz sp-limit ~ —2.90036 3.2x10~3 45 2535

vhz spd-limit  —2.90255 1.0x 1073 114 21726

vbz  spdf-limit  —2.90304 5.3x107* 195 82977

vbz  spdfg-limit —2.90315 4.2x10~* 261 163437

vbz  spdf-limit —2.90339 1.8x10~* 522 701058

exact ” —-2.90357

a
Ecalc - Eewact-
b Sum of first and second ionization energies.

and higher-order excitations. In practice, it is very difficult to carry out a full CI calculation
including all triple or higher-order excitations. Triple excitations can, however, be included
perturbatively. Table V compares the calculated energies for the Be atom with the exact
value. The correlation energy is 2.56 eV (Eup — Fegaer). Of this 82% is recovered by a CI
calculation including all single- and double-excitations, and 93% is recovered by the calcu-
lation in which triple excitations are included perturbatively. Still, the remaining ~ 7% of
the correlation energy, 0.2 eV, is due to higher-order excitations, which can be included only
in extremely computer-intensive calculations. To illustrate this: the HF, CI, and CCSD(T)
calculations in Table V took a few minutes on my laptop. But, the FCI calculations took
a few hours. Note that even when a complete (full) CI calculation is done, the energy lies
~1.9x10~3 H above the experimentally-determined value. This error is due to the incom-
pleteness of the basis set used to describe the one-electron orbitals. In principle, any CI
calculation is systematically improvable, in the sense that you can always go to one more
order: including all excitations up to order N, and then all excitations to order N+ 1, and so
forth, the way to what is called a full CI, in which all single-, double-, triple-, quadruple-, up
to NM-excitations (where N is the number of electrons in the atom or molecule). Of course,

this may be impossible to achieve in practice.
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TABLE V. Convergence of calculated spdfgh(l = 0 — 5)-limit* energies (Hartree) for the 1s%2s?
state of the Be atom.

basis calculation Ecr Ag P
vHz Hartree-Fock —14.573012 9.54x1072
vbz CI-SD —14.662429 6.01x1073
vHz CC-SD(T)¢ ~14.666506 1.93x1073
vbz FCI4 ~14.666538 1.90x1073

exact © —14.668444

& Correlation-consistent, core-valence quintuple zeta basis (pcv5z). 145 total basis functions

b Ecalc - Eezact-
¢ Coupled-cluster calculation with perturbative inclusion of triple excitations.

4 Full CI (single+double-+triple+quadruple excitations included.
¢ Sum of ionization energies.

F. Cusp condition

The slow convergence of the CI expansion is due to the so-called Kato cusp condition
[see C. R. Myers, C. J. Umrigagr, J. P. Sethna, and J. D. Morgan II, Phys. Rev. A 44 5537
(1991)]. When two particles, of charges ¢; and ¢y, and masses m; and ms, approach one

another, the slope of the wavefunction is

) ov
T};IEO 8712 = M12Q1Q2‘I’(7‘12 = 0) (42)

Here, j115 is the reduced mass and 715 is the distance between the two particles.
An example of this is the the wavefunction on the position of the electron as it approaches
the nucleus. Here, in atomic units, g2 &~ 1, ¢ = Z, and ¢ = —1, so that 0V /drs —

—ZV(0). As an example, consider the 1s orbital of a hydrogenic atom
¢ls = Rls(T)YE]O(97 ¢) = (Z3/ﬂ.)1/2 QXp(—ZT’)

. Here r, the distance between the electron and the nucleus, is just the coordinate 15, which
appears in Eq. (42). By differentiation, you can show that the cusp condition [Eq. (42)] is
exactly satisified. The cusp in the 1s orbital (the first derivative with respect to r) at the
origin is positive.

Similarly, when two electrons approach one another, p1s = 1/2, ¢ = ¢z = 1 so that
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OW/0r1y — +30(0). This corresponds to a negative (downward oriented) cusp at 715 = 0.
As shown in Eq. (41), we are trying to approximate the two-electron wavefunction as a sum
of symmetric products of one-electron functions (“orbitals”). It is easy to show from Eq. (41)
(and seen in Fig. 5) that for a product of one-electron functions lim,.,, .o OV /dr12 = 0 which

is incorrect. So we are trying to approximate a cusp by a sum of functions that are cuspless.

2

18} |
16) |
14l
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0.8}
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FIG. 5. The Hartree-Fock wavefunction for He is given by Eq. (39)]. Since the 1s function is
peaked sharply at » = 0 (the electron-nucleus cusp), we have here plotted rirotpp(r1,72). The
dashed line corresponds to r1o = 0. The derivative of the wavefunction with respect to changing rqo
corresponds to the slope of curves which are perpendicular to this line. . Because the wavefunction
is symmetric with respect to interchange (r; < r2), the derivative 0v/0ri2 of this product of
one-electron functions vanishes everywhere along the line r15 = 0.

This can be done, but convergence is slow.
Explicit inclusion of a dependence on r;; in the variational wavefunction can accelerate
this convergence. This is the basis of the so-called “explicitly correlated” (Ria/Fi2) methods
[L. Kong, F. A. Bischoff, and E. F. Valeev, Chem. Rev. 112 75, 2012, dx.doi.org/10.1021/cr2002041]

which have significantly increased the speed of calculations of electronic energy.

G. Spin states of two-electron systems

In the discussion so far, we have ignored the spin of the electron. The electronic Hamilto-

nian [Eq. (15)] does not include the spin. Thus, a complete wavefunction including the spin


http://dx.doi.org/10.1021/cr200204r
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can be written by multiplying a spatial wavefunction of the form 1s(1)1s(2) by a component

describing the spin of the electrons, namely
U(1,2) = 1s(1)1s(2) |S(1,2)) . (43)

Here, the function “1s(r)” could designate either the single-exponential of Eq. (25) or a more
general one-electron orbital, of spherical (s) symmetry, such as that defined by Eq. (29). This
could be the Hartree-Fock 1s orbital defined by Eq. (27). Each electron has a spin of 1/2.
The spin wavefunction of the electron can be written as |smy), where the projection quantum
number is mg = £1/2. The spin wavefunction for two electrons can be obtained by vector

coupling the spin-wavefunction of each electron.

In quantum mechanics two angular momenta j; and j, can be coupled to form a state of
angular momentum j, with |j; — jo| < j < j1 + j2. Thus, the total spin for the two-electron
system can be either S = 0 or S = 1. The projection quantum numbers Mg can be only
0 for S =0, but —1,0,+1 for S = 1. Since the total projection quantum number is the
sum of the projection quantum numbers for each of the two electrons, the wavefunction for

S =1, Mg =1 must be (to within an arbitrary phase)
IS=1,Mg=1)=|s1 =1/2,ms, = 1/2)|s9 = 1/2,mg, = 1/2)
To simplify the notation, we write this as

11) = I53)

2

Here we have suppressed the values of s; and sy, which are always 1/2, and designated
the so-called “uncoupled” state, in which the mg quantum numbers are specified for each

electron, with the general notation |mg, ms,).

Now, the wavefunction for the coupled state with S = 1, Mg = 0 can be obtained by the

general angular momentum lowering operator. This is

jolimg) =[G + 1) = m(m — 1)]"|j,m — 1)
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or, in the particular case where S =1
S_|11) = [1 x 2 — 1 x 0]"/2]10) = 2V/2|10 >
or, reversing the order
110) = 271/2]11)

The lowering operator for the total spin is the sum of the lowering operators for each indi-
vidual spin

S_ = 51— +52—7

where the effect of s;_ on the spin wavefunction for electron 1 is

Problem 11: Use the uncoupled and coupled lowering operators to show that (the

coupled wavefunction is on the left and the uncoupled wavefunction is on the right

) (44)

10) = 272(]3, 5 + 13,

N[

and

1-1)=15,3)

Now, the wavefunction for the sole state with § = 0 and Mg = 0 must be a linear

combination of the uncoupled wavefunctions |mg = £1/2, mg = F1/2). In other words
100) = Ch—al5, F) + Coral 5 3) (45)

Because the |10) and |00) states are eigenfunctions of $? with different eigenvalues, they must
be orthogonal. Since the functions must also be normalized, we must have Cy _; = —C_4 ;.
This implies that

00) =27"2(13, 5 — 15 3)) (46)
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The electronic Hamiltonian [Eq. (15)] is symmetric with respect to exchanging the labels
of the two electrons. Thus, the wavefunction must be symmetric or antisymmetric with
respect to this operation. We see immediately that the three S = 1 wavefunctions with
Ms = +1,0,—1 are all symmetric, while the S = 0 wavefunction is antisymmetric with
respect to this interchange. The overall two-electron wavefunction which is a product of a
spatial component and a spin-component must be antisymmetric with respect to interchange,
since the electrons are fermions. Thus, in cases where the spatial wavefunction is symmetric
las, for example, the ground state of the He atom 1s(1)1s(2)], the spin wavefunction must
be antisymmetric. Hence, the ground state of the He atom must be a .S = 0 state. This is
called a singlet state, because the projection degeneracy of the spin wavefunction, 2Mg + 1,

is equal to 1.

H. Excited states of the He atom

Although the ground state of He must be a singlet, the same is not true of any of
the excited states. Consider, for example, the 1s2p state, obtained by exciting one of the
electrons to the 2p state. This transition is analagous to the Lyman « transition in the H
atom. There are four possible wavefunctions, which are both antisymmetric with respect to

particle exchange. The first is the non-degenerate (singlet) state
|"1s2p) = 271/%[1s(1)2p(2) + 2p(1)15(2)]|00)

The second is for the triplet state, which is triply degenerate, namely
1s2p) = 27/2[15(1)2p(2) — 2p(1)1s(2)]|11)

In both cases, the ket on the right-hand-side is the coupled |SMg) spin function.

The expectation value of the Hamiltonian [Eq. (15)] in these states is
("®1s2p| H(1,2) |'"®1s2p) = (1s|h|Ls) + (2p|h|2p) + [15*|2p?] = [1s2p|2pls] (47)

where the 4 sign applies to the singlet state and the — sign, to the triplet state. As might be

anticipated, the expectation value of the energy is the one-electron energy of each electron,
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one described by a 1s orbital and the other, by a 2p orbital. In addition, the two electrons
repel one-another, which contributes the [1s?|2p®] repulsion term, which is the averaged
Coulomb interaction between an electron whose probability distribution is 1s? and an elec-
tron whose probability distribution is 2p*. Finally, there is the exchange term [1s2p|2p1s].
This is a quantum term, which arises because of the requirement that the electrons be
indistinguishable.

The exchange term (or “exchange integral”) is the self-Coulomb-repulsion of the overlap
1s(1)2p(1) charge density. Since this self-repulsion will be a positive quantity, the triplet
state will lie lower than the singlet state. This will be true for all the 1snp excited states of
He. However, since the np orbitals become more and more diffuse as n increases, the overlap
charge density will 1s(1)np(1) will become smaller and smaller, and hence the [1snp|npls]
exchange integral will become smaller and smaller as n increases. Consequently, the singlet

triplet splitting will decrease as the principal quantum number increases.

Problem 12

Consider the 1s2p state of a two-electron atom or ion (He, Li™, Bet™, BT™*). In these
systems you have one electron that is close to the nucleus and sees the full nuclear
charge while the other electron is far away and sees only a screened nuclear charge
of Z = 1. Assume that the 1s and 2p functions are simple hydrogenic orbitals with
screening constants (s and (.

Use this simple picture to estimate for these four two-electron systems
(a) The (s and ¢, screening constants

(b) The energy (in cm™!) of the 1s2p — 1s3p transitions. Compare you answers with
the experimental numbers from the NIST tables. Note: the experimental triplet
1snp states has three spin-orbit components, with slightly different energies. For

simplicity, assume the energy is equal to that of the component with J=2.

(c) From Eq. (47) we see that the splitting between the triplet and singlet 1s2p states is

twice the two-electron exchange integral

AEs = E(*1s2p) — E(*1s2p) = 2[152p|2pls]



http://physics.nist.gov/PhysRefData/ASD/levels_form.html
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The value of [1s2p|2pls] for hydrogenic 1s and 2p orbitals is

7 ‘
[15¢.2p¢,|2pg, 15¢.] = ge¢(1 + 7)1 —7)°
where
T = (Cs - Cp)/(CS + Cp)

¢= (gs + gp)

DN | =

From your result to part (a), estimate this splitting for He, Lit, Bet™, B™** and compare
these estimates with the experimental value of these splittings, which you can get from
the NIST tables.

(d) Finally, use the NIST tables to determine the splitting between the triplet and
singlet 1snp states of He for n = 2 — 6. Plot the results. Plot the experimental triplet-
singlet 1snp splittings for n = 2 — 5 for He and Li*.

I. Gaussian orbitals

In application of the Hartree-Fock methodology to many-electron atoms and, especially,
molecules, the calculation of two-electron integrals between functions which decrease expo-
nentially in r is very time-consuming. Much faster calculations can be achieved by expansion

of the electronic wavefunction as a linear combination of Gaussian functions
R(r) =Y _ Cjexp(—a;r?) (48)
J
rather than the exponential hydrogenic (often called “Slater”) orbitals

R(r) = Z Cjexp(—¢;r) (49)

Consider, for simplicity, the hydrogen atom. We will expand the 1s wavefunction in terms


http://physics.nist.gov/PhysRefData/ASD/levels_form.html
http://physics.nist.gov/PhysRefData/ASD/levels_form.html
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of Gaussian orbitals. The simplest case will be to truncate the series at one term, namely
R(r) = N, exp(—ar?) (50)

where N, is the normalization constant, chosen to satisfy Eq. (10).

Problem 13

Determine the value of this normalization constant N,, so that the Gaussian 1s function

is normalized, namely [Eq. (10)]

(1sq|1sq) = /000 R(r)*r?dr = 1 (51)

Then, use Matlab to determine an expression for the overlap integral between two

Gaussian functions with differing exponential factors
S = (15(a)[15(a)) = / Ro () Rur (r)r2dr (52)
0
Hint: To check your work, in the limit that the two screening constants are equal

a'=a

To determine the energy of the H atom with a single Gaussian approximation to the 1s
orbital, is is easiest to replace the Gaussian R(r) [Eq. (50)] with G(r) = rR(r) and then
evaluate the expectation of the one-electron Hamiltonian of Eq. (13) with Z = 1, integrating
from 0 to co with an length element of just dr? (no factor of r%). You can use the symbolic

algebra feature of Matlab to evaluate the derivatives.

syms r
syms alpha
oness=exp (-alpha*r*r)

diff (r~2*diff (oness))/r"2)
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ans =
-((6*alpha*r~2)/exp(alpha*r~2) - (4*alpha”2+*r~4)/exp(alpha*r~2))/r"2
simplify(ans)

ans = (2xalpha*(2*alpha*r~2 - 3))/exp(alpha*r”2)

Problem 14: Assume that the H atom 1s orbital [Eq. (11)] is described by the single
Gaussian of Eq. (50). In problem 13 have already determined the normalization constant
in terms of a. Then, determine an expression for the variational energy of the H atom
as a function of a. At what value of « is the energy lowest? What is the value of this
best variational energy? Remember that the variational principle guarantees that this
value should always be greater than the true electronic energy of the 1s electron in the

H atom, namely —0.5 Hartree.

Let’s compare the Gaussian approximation to the 1s orbital with g(r) for the true 1s

orbital of H, which is
g1s(r) = 2rexp(—r) (53)

This expression is normalized, so that fooo Grs(r)?dr = 1.

Problem 15:

(a) Plot your best single-Gaussian function (Prof. 14) compared to the true 1s orbital.
Make sure to label your axes!

(b) A variational calculation was done with a three-Gaussian approximation to the 1s

orbital N
J1s =~ Z C;N;r exp(—air2) (54)

i=1
with
a = [4.502,0.681, and 0.151]

The variational energy is —0.49698 and expansion coefficients were found to be:

C' = {0.070426622, 0.408558457, 0.647278802}
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Plot this 3-function Gaussian approximation to the 1s orbital and compare it to the

exact 1s function.

J. Coupling of two angular momenta

For reference, the angular momentum raising and lowering operators are defined by
Jeljm) = [+ 1) = m(m F )] [jym £ 1) (55)

Now, consider two angular momenta jl and j_"g. The so-called “uncoupled states” are the

products of the angular momentum states associated with each operator, namely

|jimajamsa) = |jima) |jame)

There are (25; + 1)(2j2 + 1) of these product states, each of which is an eigenfunction of the
operators ji., 52, jos, j2.

Now consider the total angular momentum J = J1 4 7o and its projection J, = ji, + jos.
Since any component of fl, as well as its square, commutes with any component of 52,
because they operate in different spaces, you can show that j? and j2 commute with both

J, and J%. However,
=i+ 5+ 2j1 Jo = Ja + J5 + 2 (Jrefoe + Jrydoy + Jizdoz)

Since ji, does not commute with either ji, or with jy,, it is clear that neither j;, nor js.
commute with J2. We can thus replace the four commuting operators ji., j2, jo., j3 with
another set of four commuting operators J?, J., ja., j5. The eigenfunctions of this latter
set of operators are called “coupled states” and are designated |j;j2JM). The two sets of

eigenfunctions must be related by an orthogonal transformation, namely

12 I M) = > Chrmyjoma.nt [imagoms) = Y (imagams | JM) [jymajama) — (56)

mi mso mi1m2
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The coefficients which appear on the right-hand side are called Clebsch-Gordan (CG) coefficients,
and are designated (jymqjomeg |JM). Because J = fl + jg, it follows that J, = ji. + Ja..
It then follows that M = m; 4+ msy, in other words, the projection of the total spin equals
the sum of the individual projection quantum numbers. This relation can be ensured by
requiring that the CG coefficients vanish unless m; + my = M. Further, we assume that

both the coupled and uncoupled states are normalized and orthogonal, in other words

(J1go ' M" | j1j2d M) = 85,5/ 001, 010 (57)

and

(J1m) jomly |1majama) = Sy mt Omey m, (58)

These two equations, along with Eq. (56), can be used to derive the two orthogonality

relations for the CG coefficients:

> Gimajama |JM) (jimjama |J'M') = 65,8001

mi,m2

and

Z (jimajameg |JM) (jimajameg |J'M") = 850,00

mi,ma2
and

(j1m1j2m2 |J j%) (jlm,1]2m/2 |J ju) - (Sml,m’ 6m2,m’
1 2
J,M

Because the transformation of Eq. (56) is an orthogonal transformation, its inverse is just

the transpose of the matrix of CG coefficients, assuming that they are real

Consider, for illustration, the case where j; = 2 and jo = 1. The following figures shows all
the possible values of m; and my. Each filled circle indicates one of the |j;m1jams) uncoupled
states. There are (2j; + 1)(2j2 + 1) = 15 of these. The largest value of M = my + my is
3. The next value is M = 2 and so forth. The diagonal red lines connect all the possible
states for each indicated value of M. There is one state for M = 3, two for M = 2, three

for M = 1 and so forth.
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M=0 M=1 M=2 M=3

. \ |

—_

3 2 1 0 1 2 3
m
FIG. 6. Hlustration of all uncoupled states for j; = 2 and jo = 1.

K. Determination of Clebsch-Gordan coefficients

To determine the Clebsch-Gordan coefficients we start with the largest value of J and
M. As we can see in Fig. 6, this is J = j; + j» (J = 3 in the example shown) and
M = j; + jo. Since there is only one uncoupled state which satisfies these criteria — the

so-called “stretched” state — Eq. (56) reduces to
J1j2, J = Ji + J2, M = ji + j2), = (Jujrada |71 + Jos Ji + J2) [G1d1d272)., (59)

Here the subscripts ¢ and u will designate the coupled and uncoupled states. Since both the
uncoupled and coupled states are assumed normalized, the coefficient has to equal one (at

least in magnitude). Thus we can say, choosing the phase factor to be +1,

(J1d1d2d2 |J1 + Jos 1+ j2) =1

Now, let us operate on both the left and the right hand sides of Eq. (59) with the lowering
operator J_ = j;_+7j5_. This gives for the operation of J_ on the coupled state (the left-hand
side)

[J(J+1) = MM = D))" |jijo, ] = 1+ jo., M = ji + jo — 1),
= [(j1 + 72)Gr + Jo + 1) — (1 + 52) G + Jo — DIY2 |jigas J = ji + Jo. M = ji + jo — 1),

= [2(j1 +j2)]1/2 |j1j2: J1 + Jo, 1 + 92 — 1), (60)
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and, for the action of J_ on the uncoupled state (the right-hand side)

J_\j1g1g292), = (1= + Jo=) |J1J1J2J2)
= [+ 1) + 510G — DY i, 51— 1, dagaly + U2z + 1) + da(Ga — 1)) iz, 2 — 1),
= /271 |71, 1 — 1, J2d2), + V272 |j1j1g2, G2 — 1), (61)

Equating the two previous equations gives

12(j1 +j2)]1/2 |71d2, J1 + Jos i+ g2 — 1) = /241 |1, 51 — 1, d2j2), + /272 [1d1d2, 2 — 1),

or

. 1/2 . 1/2
|j1g2: 1+ J2, i + G2 — 1), {ﬁﬁjg] |71, 71 — 1, j2ja), + {ﬁﬁjz} lj1g1d2, g2 — 1),
(62)

The two terms on the right-hand side must be the CG coefficients as defined in Eq. (56).

Thus, we see that

.q1)2
(i, g1 = 1, Jas Jo g1 + Jos o + G — 1) = | =2
LJ1+ 2]
and
g 17
(j17j17j27.j2_1‘j1+.j27.j1+.j2_1): . .
L J1+ J2 ]

Explicitly, in the case where j; = 2 and j, = 1 (as in Fig. 6), we have

12132), = (2111]32)[2111),, + (2210|32)|2210),,
= (2/3)Y%)2111),, + (1/3)"/?2210),, (63)

By continuing the application of J_ = j;_ + jo_, we can generate all the GC coefficients for

J = jl +]2 for all allowed values of M (M = jl +]2 _2>j1 +]2 —3, ceey _jl —jg + ]_, _jl —]2)

Now, we need the Clebsch-Gordan coefficients for the next lower value of J, namely

J = j1 + j2 — 1. For this value of J, the highest value of M is j; + 7o — 1. In this case,
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Eq. (56) reads

lj1j2, 71 +J2 — L, jn + joa — 1), = (J1jr — Ljage |1 + g2 — L, ja + jo — 1) |51, 1 — 1, Jajo),,

+ (Jij1jege — 1|71 + Jo — 1,1 + J2 — 1) [J1d1 s Jo — 1),,(64)

Now, the left hand sides of Eqs. (62) and (64) must be orthogonal, because J = j; + jo
for the first and J = j; + jo — 1. Consequently, the right hand sides must also be orthogonal.

Since the functions must also be normalized, it is clear that

- 712
(ar = Vg |+ G = Lja + 2 = 1) = £ | =22 (65)
LJ1+ J2 ]
and
a7
(e =1 +je =L +j—1)=F | —— (66)
LJ1+ J2 ]
To make things more concrete, in the case where j; = 2 and j, = 1 we have
12122) = (2111]22)[2111),, + (2210]22)|2210),
= +(1/3)2|2111),, F (2/3)"/?2210),, (67)

The sign is established by the so-called Condon and Shortley phase convention that all
matriz elements of j1., which are non-diagonal in J, are real and non-negative. [2] Consider,

then, the matrix element

21/2 21/2
(2132]1y, |2122), = :i:T<2111|l1z|2111>u T 7<2210|l1z|2210>u

2 1
F 5 (2111[11:[2210), £ £ (2210]11.[2111), (68)

Now, we know that (suppressing the h) [1,]2111), = [2111), and [1,]2210), = 2|2110),.
Thus we find
(2111[11,|2111), = +1,

(2210]1.]2210), = +2,

(22101,,]2111),, = (2210[2111), = 0,
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and

(2111]11,]2210), = (2111|2211}, =0,

Thus, we find that
21/2 21/2 21/2
(2132] 1. [2122), = == F 25— = 7 (69)

Consequently, for the Condon-Shortley phase convention to be satisfied we have to chose

the lower sign in Egs. (65) and (66), so that

(2111)22) = — (%)W

and

2\ 1/2
(2210[22) = + (g)

Problem 16 You know that |2133). (the stretched state) = [2211),,. The expression for
|2132). is given by Eq. (63). By repeated application of the lowering operator, generate
the CG coefficients for j; =2, jo =1, J =3, M for M =1 and M = 0.

Problem 17 For j; = 2 and j5 = 1 the lowest allowed value of J is 1. In problem 16
you have obtained the expression for the |2131), state in terms of uncoupled states. The

comparable expression for the [2121), state is
|2121), = —271/2|2011),, + 67 /2|2110), + 3712|221 — 1),
For J =1, the comparable expression would be
|2121). = a|2011),, + b|2110),, + c|221 — 1),

By requiring the state [2111). to be (a) normalized and (b) orthogonal to the J = 3 and
J = 2 states with M = 1, you can determine the values of the coefficients a, b, and c,
to within an arbitrary sign. To fix the sign, you can impose the Condon-Shortley phase
convention, requiring that

(2121|1;,|2111), > 0
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The coefficients a, b, and ¢, are, in fact, the CG coefficients (2011|11), (2110[11), and
(221 — 1|11). Hint: the value of (2011|11) is (1/10)Y/2.

L. Multi-electron atoms

1. Permutation symmetry

For an N-electron atomic or molecular system with N > 2, the Hamiltonian is the

extension of Eq. (15), namely

=

N -1 N
H(ry,...,ry) = Y _ h(F Z
i=1 "ij

IIM

where r;; = |7; — rj|. The Hamiltonian is a sum of one-electron terms (kinetic energy plus
the attraction of the electron to the nucleus) plus a sum of pairwise repulsions between the
electrons. The Hamiltonian is unchanged by an exchange of the labels of any two electrons.
This is called a permutation. The permutation operator P exchanges the labels of electrons
7 and j. Since the Hamiltonian commutes with the permutation operator, the wave function
can be simultancously an eigenfunction of H and P. Since electrons are fermions, the

eigenrelation must be
PV (ry, ..., Tyyeosry) = =W(F1, o Ty ooy Tiy ooy TN) (70)

For an N-electron system, as in the case of the He atom, a simple approximation to the
electronic wavefunction is as a product of one-electron functions ¢, (7). .. ¢n(7y). In fact, it
is this simple product-of-one-electron-functions approximation that enables all of chemistry
to visualize and understand the electronic structure of atoms and molecules. In addition
to the spatial coordinates of each electron 7, we need to specify its spin. We designate by
the name “spin-orbital” the product of the spatial function ¢;(7) and a spin eigenfunction.

Consider, then, a set of N one-electron spin-orbitals {1, @2, ...on_1, N}, Where

i = ¢i(7) [sms) -
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Here |smg) designates the total spin s and its projection mg. For an electron s = 1/2 and

ms = +1/2. You will often see the compact notation

pi = ¢i(T)
or
i = oi(7)
Here the superscript bar indicates mgs = —1/2 (down spin) and the absence of a bar indicates

ms = +1/2 (up spin). We assume that these functions are orthogonal and normalized, so
that [ ¢fp;dVds = d;;. Note that we are integrating over both the spatial and spin degrees
of freedom of the electron. The simple product-of-one-electron-functions approximation of

the N-electron wave function is, mathematically.

\If(’f_"l, Ce ,’f_’;', Ce ,’f_’;’, e ,’I“N) = ¢1(’F1)¢2(772) .. QSN(FN) (71)

But this function doesn’t satisfy fermion permutation requirement of Eq. (70). For example,

suppose we permute labels 1 and 2. Then

Prog (7)) 2(75) . . . o (7n) = Ga(7) b1 (7). . . o ()

This does not satisfy Eq. (70). On the left-hand-side, electron 1 is associated with spin-
orbital 1 and electron 2 with spin-orbital 2. On the right-hand-side, electron 1 is associated
with spin-orbital 2 while electron 2 is associated with spin-orbital 1. This is not the same

thing, even if we introduce a minus sign.

In the case of the He atom (Sec. I G), to satisfy the requirement of permutation anti-
symmetry we expressed the electronic wave function as a product of a symmetric spatial
function multiplied by an antisymmetric spin function, or vice versa. This separation is

unfortunately not possible for systems with more than 2 electrons.
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2. Slater determinants — Li atom

Luckily, there is a straight forward modification of the simple product [Eq. (71)] which
does satisfy the required permutation antisymmetry. This is done by writing the wave
function as a “Slater determinant”. We’'ll use the Li atom as an illustration. The electron
configuration is 1s22s, or, in terms of spin-orbitals 15152s. The Slater determinantal notation

18

1s(1) 15(1) 2s(1)
W(r, 7, 73) = U(1,2,3) = % 15(2) 15(2) 2s(2) (72)
15(3) 15(3) 2s(3)

where || denotes a determinant. We’ve also simplified the notation a bit by replacing the
electronic coordinates 7 = {r1, 61, ¢1} by the single index “1”. Expanding the determinant
will give 6 terms, involving all the possible permutation of the three electrons between the

three spin-orbitals. We have

W(1,2,3) = 672[1s(1)15(2)2s(3) + 15(3)1s(1)25(2) + 1s5(2)1s(3)2s(1)
—15(3)1s(2)2s(1) — 15(2)1s(1)2s(3) — 1s(1)1s(3)2s(2)] (73)

Note that all terms involving a single permutation appear with a minus sign and all terms

involving a double permutation appear with a positive sign.

The permutation symmetry is guaranteed by the choice of a determinant to represent
the wave function: Interchanging the labels of any two electrons involves interchanging two
rows of the determinant in Eq. (72). For a determinant, interchanging any two rows changes

the sign of the determinant.

For the Li atom the electronic Hamiltonian is

. 1 1 1
H(1,2,3)=h(1)+h(2)+h3)+ —+ — + —
12 13 T23
The variational energy is (¥(1,2,3) ’f[(l,Q, 3)‘ U(1,2,3)). From Eq. (73) we see that this
will involve 6 x 6 = 36 terms. The Hamiltonian is a sum of one-electron and two-electron

terms. We'll assume that the spin-orbitals are orthogonal (and normalized). If that’s the

case, then the one electron terms will contribute only diagonally, in other words when
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the occupancy of the spin-orbitals is identical on the left and right hand sides. That’s
because any permutation involves a switch of two indices. So for the one electron terms,
the orthogonality of the 2nd index will cause the term to vanish. For example, consider the

term

(15(1)15(2)2s(3) | h(1) | Pra[15(1)15(2)25(3)]) = (1s(1)1s(2)2s(3) | h(1) | 15(2)1s(1)2s(3))
= /13(1)*h(1)13(1)dV1d81 / 18(2)*18(2)d‘/2d82/28(3)*28(3)d‘/3d83 (74)

The 2" integral will vanish since the spin-projection quantum number differs in the bra
and ket components. There will be 6 diagonal terms, which will each give the same result.

1/2

But the normalization constant is 67/°. So the square of this normalization constant will

exactly cancel the 6-fold redundancy.
Similarly, the two-electron terms will contribute to the 6 diagonal terms and to the terms
in which the same electron pair is permuted on the left- and right- hand sides. The net

result is that the expectation value of the Hamiltonian is

<x11(1, 2,3) ‘ A2, 3)‘ U(1,2, 3)> = 2Ny, + oy + [151s|1s1s] + 2 [1s1s]252s] — [1525]2s15)]
(75)

where

his = /13(1)h(1)1$(1)d7‘1 :/18(2)h(2)18(2)d7'2 :/13(3)h(3)1s(3)d7'3 (76)

and, similarly, for hys. We have introduced here a general, compact notation for the two-

electron integrals

oo bex] = / / (1) 0(1) = x(2)*x (2) drudrmy (77)

and

lox Ixe] = / / (1) X (1) x(2)* ¢ (2) drudrmy (78)

712
The expression for the matrix element of the Hamiltonian in Eq. (75) has a simple physical
interpretation. In the Li atom there are two electrons in the 1s orbital and one electron in
the 2s orbital. Each electron has a one-electron energy (kinetic energy plus attraction to
the nucleus). Thus, the one-electron contribution is 2hys + hes (because there are two 1s

electrons, there is a factor of 2 in front of the hi, term.
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In addition, every electron is repelled by every other electron. There is one 1s — 1s
repulsion and two 1s — 2s repulsions. Thus, Eq. (75) contains a total Coulomb repulsion
energy of [1sls|1sls] + 2[1sls|2s2s|. Finally, there is a purely quantum correction to the
energy, which is a consequence of the requirement that the wave function be antisymmetric.
This correction is: for every pair of electrons that have the same spin, there is a negative

so-called “exchange” contribution to the energy, namely [¢@x|x¢], or, specifically in the case

of Li, [1s2s|2s1s].

Problem 18 A simpler notation for the determinantal wave function of Eq. (72) is
P(1,2,3) = |1s1s2s] (79)

Here the vertical bars denote a Slater determinant with normalization factor of (N!71/2),
and we list the spin-orbitals which are occupied.

(a) Write down an expression similar to Eq. (79) for the electronic wave function of the
B atom.

b) Then give an expression of the electronic energy of the B atom similar to Eq. (75).
g P

3. Slater Determinants — General

In general, for N electrons we’ll have an N x N determinant,

¢1(1) @2(1) -+ on(1)

W(1,2,...,N) = (N1)~\/? ¢1‘(2> ¢2F2) ¢N.(2) )

$1(N) ¢2(N) -+ ¢n(N)

Or, following Eq. (79), we can simplify this notation to

\11(17277N):|¢1¢2¢N| (81)
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In the Appendix on Slater Determinants we discuss how the energy is

(82)

N N—-1 N
(U(1,...,N)|H(1,...,N)¥(1 = ($ilhlen) + D> ( (610310051 — O, me, [@@\@@])
=1 =1 j=2
N N-1 N ’
=Y hi+d > ( [67163] — Oy me, [¢i¢j|¢j¢i]>
=1 =1 j=
Again,

1. Every electron has a one electron energy, so there is an h; term for each spin orbital.
2. All pairs of electrons repel one another, so that there are N(N — 1)/2 [¢7|¢43] terms.

3. For every pair of electrons that have the same spin, there is a negative exchange term

—[0i0j|0;0i].

4. Slater determinants — C atom

Now, consider the carbon atom (1s%2s?2p?). Here two of the six 2p orbitals are filled.
As we will discuss in more detail, there is more than one 15?2s22p? electronic states, which
differ in energy. At a basic level, there are three 2p orbitals and two (ms; = £1/2) possible
spin states for each electron. Thus there are 2x3 = 6 possible spin orbitals. By the Pauli
exclusion principle at most one electron can be assigned to each spin-orbital. The first
electron can occupy one of 6 spin orbitals and the second electron, any of the remaining
5. Thus there are 30 possibilities. Because the two electrons are indistinguishable, we can
eliminate 1/2 of these by symmetry, which leaves 15. Not all correspond to states of different
energies. Many of the 15 possible electron assignments are degenerate. The easiest way to
sort this out is by application of the tableau method.

From this supplemental chapter, we deduce that the 15 different electron assignments
correspond to nine 3P states with L = 1, S = 1, five ! D states with L = 1,5 = 0 and one
1S state with L = 0,5 = 0. We can use a simplified Slater determinantal notation for the
wave functions for each of these states, which we designate 25*1L,;, 5. For example, the

3P state with M; = 1 and Mg = 1 corresponds to 15225%2p,2p,, where the spins of both 2p


http://www2.chem.umd.edu/groups/alexander/chem691/Slater_determinants.pdf
http://www2.chem.umd.edu/groups/alexander/chem691/tableau_method.pdf
http://www2.chem.umd.edu/groups/alexander/chem691/tableau_method.pdf
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electrons are m, = 1/2. The Slater determinant for this state is
‘3P11> = ‘181828282})02}9” (83)

For simplicity, we can suppress the 1s and 2s spin-orbitals and write this as

‘3P11> = \plpo\ (84)

The wavefunctions for the other (25+1)

L, 4 states can be obtained by application of the
S_ and L_ lowering operators. Each of these is the sum of the raising or lowering operators

for each of the electrons. In general
N A
Lo=) I
i=1
and similarly for f)+, S_ and S’Jr. Thus, for example, for the 2p? C atom

L_|*Pi) = (e + lo-) [pipo] (85)

Now, the general effect of a lowering operator is [see Eq. (550]
l_|lml> = [l(l + 1) — ml(ml — 1)]1/2

For example I1_ |p1po| = 2'/? |popo|. This vanishes, because the 5 and 6" columns of the
Slater determinant are equal and any determinant vanishes if two columns are the same.
However, lo_ |pipo| = 2% |pip1|, which does not vanish. Similarly, L_ [>P};) = 2Y2 2 Py,).
Thus, we find that

*Por) = |p1p-1 (86)

Note that we don’t need to operate on the 1s or 2s spin-orbitals with the lowering operators
because [_ operating on an s function (I = 0) gives zero and s_ gives either zero or leads to

two identical columns.
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Problem 19: (a) Determine the determinantal wavefunctions for the other C 3P states.
Write these wavefunctions in the simplified |p;p;| notation of Eqgs. (86) and (87). The
other 3P wavefunctions can be generated, as above, by application of L_ and S_.

(b) Do the same for the ' D wavefunctions. You can generate these starting with

" Dao) = |p1u| (87)

and then using L_. Note, that the wavefunctions for M, and/or Mg < 0 can be generated

almost by inspection from those with M, and/or Mg > 0.

Here is an example to help you solve this problem:

’3P00> =5 ’3P01> = (51- + 82 )|p1p—1|
= N (|pip-1| + |p1p-1]) = N (=|p_1p1| + |p1D-1])

=272 (—|p_1p1| + |p1p-1) (88)

Here, the normalization constant can be obtained from the applications of S_ on the left,
which gives a factor of [S(S+1) — Mg(Mgs—1)]*/? = /2 on the left, and the applications
of 51_+s5_ on the right, each of which give a factor of [s(s-+1) —m,(m,—1)]'/2 = 1 on the
right. Alternatively, and more simply, N is fixed so the the sum of Slater determinants
is normalized, namely [for Eq. (88)], N = 27%/2.

Similarly, we obtain

‘1D10> =L_ ‘1D20> = (li- + L) [pipr| = 272 (|popu| + |p1Do)
and

’1D00> =L_ }1D10> = N (Ip-1p1| + [popo| + |popol + [p1P-1])

=671/ (|p=1p1| + [p1P-1] + 2|poPol) (89)

Here, the normalization constant has to be 1/ V6.
The single 1Syy wavefunction (only My = Mg = 0 is allowed) must also be a linear

combination of the three Slater determinants (|p1p_1|, |p—1P1|, and |popo|) which have
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Mg =0 and My = 0. We have

|"So0) = alp1p-1| + blp—1p:1| + ¢lpopol (90)

The coefficients must be chosen so that this function is orthogonal to the Slater deter-
minant expansion of the wave functions for the |'Dgo) and |*Py) states [Egs. (89) and
(88).

(c) What are the values of a, b, and ¢?

5. Conwversion from definite-M to Cartesian orbitals

It is often convenient to express these wavefunctions in terms of the real (Cartesian) p,
and p, orbitals rather than the complex p; and p_; orbitals. Remember that p, = py. Since
(note the minus sign for p,, this arises because of the phase conventions of the spherical

harmonics)

pp = —271/2 (pe +ipy) and p_; = 271/ (P —ipy) (91)

we can transform all the wavefunctions into representations in terms of the Cartesian spin-

orbitals. For example
'Dao) = |pip1| = 27 [padal — Ipyyl + @ |pady| + i [pype]] (92)
Similarly, we find for the ' D state with M; = —2
'D-5.0) = Ip-1P-1| = 27" Ipabul — IpyP,| = i |paBy| — i Dy (93)
If you take the normalized plus and minus linear combination of these two states, you obtain

|'Dyzye) = 2712 (|'Dao) + ['D_20)) = 272 [Ipual — |pyy |} = 272 (2] — ygl]  (94)
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and

' Dyy) = =272 (|"Dao) — |"D_20)) = 272 [|pupy| + |pyDal] = 27*[|2g] + yz|]  (95)

You can show that the energy of the *D,>_,» state is

E('D,2_,2) = 2815 + 295 + 269, + [15°|15%] + [25%]25%] + 4[15|25%] + 4[15%|2p2] + 4[25°|2p2]

—2[1s2s|2s1s] — 2[152p,|2p, 15| — 2[252p,|2p,25]

+2p3120,] — [2022py]2py2ps] (96)
Note that [a?|b?] = [b*|a?]. Also, because the z, y, and z directions are equivalent
[s°[2p3] = [s°[2p}) (97)
and
[2p2|2pss] = [$2py|2pyS]
Finally,

[1s2p,|2p,1s] = [252p,|2p,2s] = 0

This vanishing reflects the fact that the product of an s and a Cartesian 2p, orbital is
antisymmetric with respect for reflection in the yz plane, which the product of an s and a

2p, orbital is symmetric with respect to the same reflection.

The contribution of the 1s and 2s electrons to the 15 states of the C atom are all identical
(as you might expect, because of the spherical symmetry of the s orbitals. Thus, you could

simplify Eq. (98) to read
E('Dy2_y2) = Ec + [2p312p3] — [2Pa2py|2py2p.] = Ec + [2°]2°] — [zylyz] ~ (98)

where

Eo = 2615 + 269, + 289, + [15%[15%] + [25%]25%] + 4[15%|25%] + 2[15%(2p2] + 2[257|2p2]

—2[1525|2s1s] — 2[152p,|2p, 15| — 2[252p.|2p.25] (99)
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We see from Eq. (98) that the energy of any of the states of the C atom is equal to a
common value (E¢) plus the expectation value of rj; (the electron repulsion) between the

two 2p electrons.

Similarly, from Eq. (95) that the energy of the 'D,, state is

E('Day) = Ec + [2*|y?] + [xyly«] (100)

Since the energy of the ' D states has to be the same for any value of the M; projection
(since the Hamiltonian is invariant with respect to your choice of the axis system), all the
Cartesian components of the ' D state will have the same energy. A similar invariance applies
to the 3P states. We can exploit this invariance by equating the energies given in Eqgs. (98)

and (100). This gives the relation
[2%2%] — [wyly=z] = [*]y*] + [wylya] (101)

or

[#°|2%] = [#°|y?] + 2[zy|ya) (102)

This result is reasonable. The coulomb repulsion between two electrons in the same Cartesian
2p will be greater than the repulsion between an electron in a 2p, orbital and a 2nd electron

in the 2p, orbital.

Problem 20: There are three states of the C atom with M; = 0 and Mg = 0, namely
3Pyo, 1Dog, and *Spy. The determinental wavefunctions for each of these states is given
by Egs. (88), (89) and (90). We wish to obtain the determinantal wavefunctions for
these three states in terms of the Cartesian p spin-orbitals. To do so it is easiest to first
obtain expressions for the three definite-M Slater determinants with My = 0 and Mg=0,

namely

‘pOﬁO‘ — |pzpz‘

) 1 e Lo T
[p17-1] = =5 (I(ps + ipy) (P2 = iDy)]) = 5 (=PaPal = |PyPy| = tlpyDe] +ilpapy])
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and

B 1 o 1 B L
lp_1p1| = = (|(pz — ipy) (P + iDy)|) = 5 (Gl S V] S S 2 2 )

Consequently, for example, the wave function for the |2 Py) state [Eq. (88)] state is

1 ~ ~ i _ _
|*Poo) = 7 (=lp-101| + |p1p-1|) = 7 (|pzDy| — |PyDsl) (103)
(a) Obtain similar equations for the !Dgy and 1Sy, states.

(b) Then, evaluate the two-electron energy of the two 2p electrons in the 3Py, * Dy

and 'Sy, states in terms of the basic integrals [z%|2?], [#2|y?], and [zy|yx]. Remember

that
[2%|2%] = [1°[y"] = [*]%7] (104)
[2?|y?] = [2%|2%] = [y?|#*] and so forth (105)
[zy|yx] = [xz|2y] = [yz|ry] and so forth (106)

and, since the electron density associated with electron 1 has different Cartesian reflection

symmetry compared to the electron density associated with electron 2,
[zy|yz] = [x2|yz] = [zy|yz] = 0 and so forth (107)

To check your results, remember that all five components of the ! D state should have
the same energy, so that the expression you obtain for (*D,2_ .| H |'D,2_,2) should equal
the expression for (! Dyg| H | Do)

(c) Finally, predict the relative spacing between the three valence states of an atom
with a 2p? configuration (such as carbon). The spacing should be similar for Si (...3p?)
and also for O (... 2p*) where there is a double hole (rather than a double occupancy) in
the 2p shell, as well as for S (... 3p*). Use the NIST database to obtain the experimental

spacings for C, O, Si, and S and compare these with your prediction.
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6. Simplistic description of the C atom

This section contains a simplistic description of the C atom, free of complex orbitals.
From the application of the tableau method described in Sec. 1L 4, we know that the 2p?
state of the C atom gives rise to 3P, ' D and 'S electronic states. We have two electrons to

distribute between the p,, p,, or p, Cartesian 2p orbitals.

3P state: in the triplet state we cannot have two electrons in the same orbital. Thus,
the allowed electron occupancies are p,py,, pyp., and p,p.. The S = 1 Slater determinants
are |p;p,| and so on. We can designate these states at ' P,, and so on, where the initial

superscript designates 25 + 1, M.

The expectation value of 1/r15 between the two 2p orbitals is

1
<3’1ny|r—12|3’1ny> = [P21P}] — [papylypa] = [2*[y7] — [y|ya] (108)

For Mg = —1, the determinants are [>~'P,,) = |p,p,|, with the same energy. For Mg = 0,

the determinants are

|370ny> =271/2 prﬁy| + |Ijxpy|] (109)

From the rules for the energy of Slater determinants (IL3), we see that the two electron

energy of the state [*°P,,) is

1
<3’°ny|r—12l3’1ny> = [P21p}] % [papy|ypa] = [2%[y7] £ [zy|ya] (110)

But this has to be equal to the energy of the ' P,, state [Eq. (108)]. Thus, we have to take
the minus sign in the definition of the *°P,, wavefunction. Note that you can get the same

result by operating on |*'P,,) by S_ = ;_ + 4,_.

IS state The electronic wavefunction in the 1S state must be completely symmetric
with respect to rotation and inversion. The first condition implies that the three Cartesian
directions must be treated on an equal footing, and the second, that the Cartesian 2p orbitals

must be doubly occupied. Thus, the wavefunction must be

18) = 3742 [|laz| + [ygl + |=2]]
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The expectation value of 1/r15 between the two 2p orbitals in this state is

(5]

o 118) = [271a7] + 2[eylya] (111)

D state The Cartesian components of the | = 2 spherical harmonics, also referred to as
cubic harmonics are xy, rz,yz, 2% — y? and 322 — r2. Since r? = 22 + y? + 22, the latter is

equivalent to 222 — 22 — 2. We thus have

' Day) = 272 [Ipay| + |pyps ] (112)

Note that imposing the “+” sign guarantees that this state is orthogonal to the [*°P) state
[Eq. (110)]. Similarly we have

' Dy) = 272 [|pape| + [p:pa] (113)
'Dy.) = 272 [Ipype| + [p-py ] (114)
‘IDSL‘?—y?) = 2_1/2 prﬁm‘ - \pyﬁy\] (115>

|1D:c2—y2> = 2_1/2 [|pxﬁx| - |pyﬁy|]

and, finally,
|1D322—T2> = |1D22> = 6_1/2 [3|pzpz| - |pxﬁx| - |pyﬁy|] (116)

The expectation value of 1/r15 between the two 2p orbitals in the first three states is (re-

member that [22|y?] = [2?]2%] = [y?|2?] and, similarly [zy|yx] = [z2]22] = [yz|2y].
1 LT 1 Ly 1 L a 2|, 2
( Day|—[ Day) = (" Dozl —|"Daz) = ( Dyz| —[ Dyz) = [27[y"] + [wylya] (117)
T12 T12 T12

Likewise, the expectation value of 1/r15 between the two 2p orbitals in the 2? — y? and 2>
states is

1 1
("Dyo_yo|—['Daa_yp) = ('Doo|—|'D.s) = [2*]2%] — [wylya] (118)
T12 12

Because of the spherical symmetry of the atom, the energies of the five components of
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the 1D state must be the same. Thus, equating Eqs. (117) and(118) we obtain

[2*|y?] + [wylyx] = [2%]2%] — [xylyz]

or, after rearrangement

[2%|2%] = [2°]y°] + 2[wylya] (119)

Remember that [zy|yz] is the self-repulsion of the overlap amplitude between a 2p, and
a 2p, orbital. This is a positive number. Thus, we see from the last equation that the
self-repulsion between two electrons in the same 2p orbital is greater than the repulsion
between two electrons in different 2p orbitals. This is physically reasonable. If we compare
the expressions for the expectation value of 1/715 between the two 2p orbitals in the 3P, 1.8
and ' D states [Egs. (108), (111), and (117), and use Eq. (119) to write everything in terms
of the two two-electron integrals [z%|y?] and [zy|yz] we find

CPIL/rafP) = [22]y?] — [zylya]

('D[1/rio' D) = [*|y?] + [wylya]

(1S11/r12]'S) = [2y?] + 4[zylya]

so that the relative spacing is given in Fig. 7.

1S
3lxylyx]

D
I 2[xy|yx]

3p

FIG. 7. Spacing between the 2P, ' D and 'S states of the C atom, in terms of the exchange integral
[zylyx].

7. Representation of the states

The five ' D states of the C atom [Egs. (112)-(116)] can be thought-of as two-electron
analogs of the hydrogenic 3d orbitals, which are shown, in their Cartesian (real) representa-

tions, in Fig. 8. For example, in the 'D,, state [Eq. (112)] there is one electron in the 2p,
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3dxz_yz

FIG. 8. Images of the Cartesian hydrogenic 3d orbitals, from the online version of General Chem-
istry: Principles, Patterns, and Applications by Andy Schmitz.

orbital while the other is in the 2p, orbital. The numerical value of the Slater determinant
|p2Py| is the product of a p, orbital in the coordinates of electron 1 and a p, orbitals in the
coordinates of electron 2 (or vice-versa). This product will be large and positive when the
coordinates of the two electrons (z1,y1, 22 and ys) both lie in the first and third quadrants
of the x1,y; and x4, y» planes, large and negative, when both lie in the second and fourth
quadrants of the zy plane, and small along the x or y axes. This is exactly like what is rep-
resented, qualitatively, by the upper-left-hand image in Fig. 8. The coordinate dependence
of the other four Cartesian components of the 'D state [Eqs. (113)-(116)] are illustrated

similarly in Fig. 8.

8. Reflection Symmetry

Consider a plane containing the z and x axes. Let the operator ,, correspond to a

reflection of all the coordinates in this plane

rT=T, Y= =Y, 22
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so that, for any function f(x,y, 2)

a'mzf(xvyv Z) = f(ﬂ?, -y, Z)

The operator corresponding to a reflection of a N-electron function is just

O-xzf(xlayzazlax%y%ZQ? s axN7yNazN) = f(xla —Yz,21,T2, —Y2,%22,..., TN, —yN>ZN)

The Hamiltonian is symmetric with respect to this operation, so that the wave functions for
any state of an atom can be chosen to be eigenfunctions of this operator, either symmetric
(which we label “+7) or antisymmetric (which we label “~”). The Cartesian atomic orbitals
are either positive (symmetric) or negative (antisymmetric). Notably, p, is antisymmetric,
while p, and p, are symmetric. the We see from the expression given in Eq. (103) that
Gox " Poo) = Gaz—rz (1peBy| — |puial)
V2
i

V2

so that the |>Py) state is “antisymmetric” with respect to reflection.

(=1pady| + |Pyia]) = — [ Poo)

The definite-m p; and p_; one-electron orbitals are neither symmetric nor antisymmetric.
From their definition [Eq. (91)] we see that o,.,p1 = —p_; and o,,p_1 = —p;. In three (or
higher) dimensions rotations and reflections do not commute. The spherical harmonics
are eigenfunctions of rotation around the z axis, and thus will not be eigenfunctions of a
reflection containing the z axis. However, the overall reflection symmetry of the |>Py,) state
is still —1 even if we express it in terms of the definite-m orbitals [Eq. (88)], because

Orz ‘3P00> = &wz% (—|p=1p1| + |P1P-1])

l

- \/5 (_‘plﬁ—l‘ + |p—1]§1|) = - ’3P00>

Problem 21: Determine the symmetry for reflection in the zz plane of the |'Dy) and

|1S00) states.



http://en.wikipedia.org/wiki/Rotation_matrix

o7

M. Spin-Orbit splitting in the C atom

The electron possesses a magnetic moment by virtue of its orbital motion
iy = Bl

where f is the Bohr magneton (5 = eh/2m,, or, in atomic units, § = 1/2), and also by

virtue of its spin
ﬁs = gﬁg

where the so-called “g” factor is nearly 2 (2.002319). The interaction of these two magnetic

moments gives rise to the spin-orbit Hamiltonian
Hy, = al;- 5 (120)
i

where the sum extends over all the electrons. Here a is a constant which can be evaluated
from the electronic wavefunction. There is also a term (the “spin other-orbit” term) which
arises from the interaction of the spin and electronic orbital magnetic moments on two

distinct electrons, but this is much smaller, so we will ignore it here.

As with any two angular momenta, you can express the dot product as
- 1
li -5 =15+ 3 [lys— +1_sy] (121)

Since the spin-orbit Hamiltonian is a sum of one-electron operators, the matrix elements
of H,, vanish between Slater determinants which differ by more than one spin-orbital. In

general, for a determinant 1)) = |¢1¢2...¢;...0n| we have
(| Hy, |10 = Zzzlszl (122)

In other words, only the [.s, term contributes to the diagonal elements of the spin-orbit

operator. Also, because s, is alternately +1/2 and —1/2 for a doubly-filled orbital, only
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unfilled shells contribute. For example, in the |3P;;) state [Eq. (84)], we have

<3P11|Hso|3pll>:a:|:1'%+0'%:| Z%a (123)

For two Slater determinants which differ by one spin-orbital, for example |¢) [defined just
before Eq. (122)] and |¥) = |¢1¢2...x;...¢n| only the [I1s_ + 1 s;] term in Eq. (121) con-
tributes, so that

(U] Hoo [ 1) = {91] 5 [Les— + L5 [xa) (124)

For two Slater determinants which differ by two or more spin-orbitals, the matrix element

of the spin-orbit coupling is zero.

Problem 22: For an atom with a single electron in a p orbital outside of a closed
shell, as, for example, the Al atom, there are six possible states corresponding to three
possible projection of the electronic orbital angular momentum [ = 1 and the two possible
projections of the spin angular momentum. The single spin-orbital corresponding to each

of these six states is listed in the following table

M, 1 1 0 0 -1 -1
Mg 1/2 =1/2 1/2 —1/2 1/2 —1/2

state. py  P1 Po  Po P-1 P-1

a. Evaluate the matrix elements of the spin-orbit operator in the basis of the 6
2P states. The matrix can be written as the constant a times a matrix of numbers.
Diagonalize this matrix to obtain the spin-orbit energy levels of a 2P atom. From the
NIST database determine the value of a for the B and Al atoms.

b. One can also write the total electronic orbital angular momentum (j ) of the atom
as the vector sum of the total spin angular momentum S and the total electronic angular

momentum L. For an atom in a 2P state S = 1/2 and L = 1. Thus, by the rules that

applies to vector addition of two angular momentum in quantum mechanics, we see that
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J=1/2 or 3/2. If you ignore the spin-other-orbit terms, show that

Show that

[1] The approximation is called Hartree-Fock when there are more than two electrons, so that
electron exchange has to be included. For simplicity, we will designate it as Hartree-Fock even
in the case of He, where there are no exchange terms.

[2] A. R. Edmonds, Angular Momentum in Quantum Mechanics, 2nd edition, third printing

(Princeton University Press, Princeton, 1974).
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